
2. Propositional calculus

• Consider the positive propositionalcalculus :

PPC := p IT / art / 4=>4

• The rules of inference are as usual :

•
01-4,91-4 d. 41-4

91- t 01-4^4 At 4=>4

• A Kripke model ( kik) is a poset K ,
wiihanelation-jltps.tk .

i≤j , jltp ⇒ i. HP .

• Extend It to all 4 c- PPC by :
• j HT always }
• jittery if I 11-4 & JAX

,

• jltq ⇒tiff i. 11-4 implies iltrf , f. a. i≤ j

• Let K Ace if 511-4 f.a. jek,
and -11-4 if Kltce f.a. (KH) .

Te is kripkeralid
"



@

trop ( Kripke completeness of PPC)

1- 4 iff It 4 .

pf . ④ Order (the f-mlas ◦f) PPC by 41-4 ,
& identify 6=4 iff 4-11-4

i

call the resulting poset Cppe .

cii) Cppe has :

• a terminal object T a Cartesian

• products 4^4 closed poset
• exponentials •⇒× } = : CCP



liii) Cppe is the ree on the set

{ p , 9 , _ _ . } := Var g

meaning :
CPPC

- _ f-¥
,f e

var

If C is any CCP & v is any function ,

then there's a unique CCP map G- In S.tk .

EPH = Vp

IT ]l = T

[14^41] = £9Bn EH

[14--741] = [1971--1141] ,

briefly :

CCP/ Cppe ,C) I set (
VAR
, C) .

Next
,
we need the following . . .
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Lemma 1 : A Kripke model (K, H) of PPC
is the same thing as a CCP map

$-7 : Coppa→ Ñ
.

Pf : There's a bijection :

It ≤ Kx Var H i ≤ jltp ⇒ iltp

Kx Var→ & = (o ≤ 1) in Pos

Var→ 21k = É in Pos

$-1 : Cppe→ É in CCP
.

var i
↓

E-I
Cppc
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Remarks

A Kripke model (K , H ) thus corresponds
to an algebraic model E-I in E via

j It 4 iff je 841 .

"

Kripke
"

var i
↓

E-1
"

algebraic
"

Cppc

The Kripke conditions correspond to algebraic ones :

i ≤ jltp ⇒ iltp EPI e- Ñ

j HT f. a. j ITI = K

jltqin if

jltefjltrf
$-414B = Kearney

jltce⇒if i# f.a. e-≤ j , Ice ⇒xD = 861-7847

iltce implies Elton •
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Civ) the syntactic CCP Cppc has a

canonical algebraic model , namely
↓ : deep→ Éccp 7

it corresponds to a canonical Kripke model

( Cppc , A) s

with

411-4 if ye 9h44 if 41-4 .

So we have :

Cppc 11-4 iff 81-4 f. a. 8ᵗCppe
1*1

if 1- 4 •

W) thus we have :

11-4 = kite f.a. CK.lt)
⇒ cppc.lt 4

⇔ 1- 4
.

Completeness ✓
*

Conversely :

1-4 ⇔ Cppclt 9 Soundness
*

⇒ K He f.a. (K, H)

by the following . . .
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Le Given 4 c- PPC
,

Cppeltce implies K 11-6 f. a. 6k ,A)
.

pf . Eppclte ⇒ The
⇒ Tty
⇒ 1- ≤ 4 in Epps -

Given any C. It ) we get a Ppc map $-1 :

Var -1+6 I thus :

-

→

↓ [1T$ ≤ 847

Coppa _
- Tt-17

So :

Kit 4
•

Kripke completeness for PPG ✓



-

(8

Next we can extend this result to :

(1) IPC = PPC% ,✓ ( Kripke)

(2) Topological semantics (Tarski )

(3) A translation ⇐del)

IPG→ CPCw/☐
•

(Discuss each one briefly )



C
1
.
Extension fromPPC to IPC

Def . A Heyting algebra is a CCP with all

finite joins : 1- , pug o - -

•

Equivalently , a bdd . lattice w/ a⇒b.

Exampled
i. any Boolean algebra B is a HA,

p⇒9 i.= Tp v9

ii. for any topological space (✗ , @×) , the
open sets form a #A- s

lb→V = UW
Wnlb ≤V

iii. any V. complete distributive lattice ,

e.g. & f. any posetP .

iv. any complete linear order ,
e.g. [0,1 ] C- IR .

"

fuzzy logic
"
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By Liii) the canonical model of PPC

↓ : Coppa→ Éppa

is there for valued in a 11-1--1 !

since being a HA is algebraic , there's

a unique extension to the V - completion ,
from C.Cps to HAS :

Cppc Éppc

.

.

-
-
→

Cuppa



V0

By Liii) the canonical model of PPC

Is : Coppa→ Éppa

is there for valued in a 11--1-1 !

since being a HA is algebraic , there's

a unique extension to the V - completion ,
from C.Cps to HAS :

Cppc Cp^pc
.

.

-
-
→

Now : CÑPC = @IPC

syntactic poset of IPC

And force it in IPC , we again have :

ce t 4 ⇔ tie ≤ 1×4 in ÉIPC
.IPC

But unfortunately the CCP embedding
^

↓ : CIPC→ CIPC

is not Heyting ( it does not preserve 1- >V)
.
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Instead

,
we use the following :

Thur (Joyal) For H any HA the map

j : H → HI
,

where It
*
= Prime (H)

and ich) = { ep / help}

is both Heyting and conservative .
jx ≤ jy ⇒ ✗ ≤ y

Generalizes Stone Representin
theorem from BAS to HAS

.

Pf : Uses Birkhoff 's prime ideal theorem .



42
Now we proceed as for PPC ↳ PPT

,

but using IPC ↳ IÑc* instead :

( completeness of IPC , Kripke 1965)

Let IPC = PPC extended by :

• ceti retd

1- tee cent to

Then :

1- ce if K It y f. a. Kripke
models (K, H)

•

Here K is a poset and again

It ≤ I ✗ Van ,
extended to IPC > Var by :

• j HT f. a. j

• j# 1- f.a. 's

• j It aint iff jltce & Titty
• j Hart if jltce or JAX

• j It 4=>4 if itce implies iltn for i≤ I
•



I2- Extension to Topological Semantics

Def A topological model of IPC
consists of a space ✗ and

a HA homomorphism
8- IT : CIPC→②✗

.

Note : this can be unwound in the expected
way '

'

ETI = ✗

[14^41] = £631 in 8431

etc .

Say a tmla ce is (topologically) valid if

£41 = ✗ f.a. (X.FI)
.

That . . /Tarski 1938 )

Afula ce is topologically valid if it
is provable in IPG .

pf . This follows directly from Joyal 's 1hm :
Take the space of prime ideals in CIPC ,

Spee (IPD = LIFE ,

topologiesed with the "Zariski " basic opens :

Ba = { to / a. c- P} .
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We have an embedding of HAS ,

E- 31 : Gipe → @ Spec /IPC)

For
any space ✗ , the

interior

operation
◦ : PX→ PX

provides actopo logical ) model of
the modal logic ☐CPC .

:

41-4 • ☐ 4 to • ☐ y 1- ☐ ☐4

☐ let ☐ 4 • 1- 1- LTT • ☐yr ☐ 4 1- ☐ (4^4)

That . . /McKinsey -Tarski 1944 )

CPC☐ is complete with respect
to topological models .

Rema : One can also use this to

prove the completeness of Go"del 's
translation

IPC→ ☐ CPC
.


