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The Isotropy Group of aTopos

fcf. Funk - Hofstra -Steinberg 2012)

Let I be a topos & Consider the functor
£ : f-

•
→ Grp

2- (x) = Aut (✗* : I→ 84 )
.

So £1k) consists of natural automorphisms
of the pullback functor :

Fxx
F →I ≥

t.tn
e- %

A map ✗ Y acts by whisker ing
with pullback :

I#% -%%
2- IX) a &→ T.ae £1T)

Briefly :
✗ c- ZIX) = Ant (✗

*)
&

×? I#%
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trop. The finder Z : I% Grp is

representable ,
£ ⇒ If- , 2) ,

for a group object 2 in 8 ,
called the i¥É .

Reward The group Zp also acts on

the b- valued points p : E →I ,

for any topos & , in the following sense :
For any global &

: 1-→ 2 we have

a natural automorphism :

1$ : I# 271--8 .

So for each Fe £ we have are is o

F F

natural↓ ↓
E→ E in F !

ᵈE



And moreover , far all ✗ c- Ñ
,

^

d-¥> I and

↓ ✗ *•*:
%

•
✗
= ¥4

since ✗ is natural in ✗ .

Conversely , given any natural automorphisms

In : I¥ .

Whiskering by any p : E→ I
-

results in
d. •p

E.⇒ E
O

Prof There's a group isomorphism i
T 2g → Ant / lg)

between global sections of Ig and the
center of 8 : the group of natural

automorphisms of the identity 1-g- ≤I→I
.



⇐
Now suppose that I = Set [IF]

classifies IT- models . Then for any

topos 8 we get an admin of

/sections of/ the group ZF of set[IF]

on F- models i_ %
,
since

Mod
#
(E) → Top (E)Set ITT]) 3

and we just saw that 72-+1 acts

naturally on the RHS .

This leads to the following idea :

Prop
.

C. A -B 2012) Let SEF] be

a classifyus topos for a theory -1T ,
with universal F- model Up . then

the isotropy group Zg[*y agrees

with the internal automorphism group

of the F- model lb# >

Zs#] ⇒ Ant (UF) .



4-Internal us
. External

• The ethanol group of sections
TZ#

in set

acts naturally on all F. models
( in all toposes) :

µ¥ is
✗ c-712¥ n 1

,
↓ʰ

14¥14
• The IE group object

ZF in SIF]

does something more :

For any
model M (in any E) ,

there's a stalk (ZF )µ s.tk .

• for ✗ c- 1712-11-4 there's µ is

• and for any h : µ→N % ↓ʰ
µ→Nthere's an : N→NS.th . the •



Logical schemes (6

Let IT be a coloured theory , and

&
#
the classifying prestopos , so the

classifying topos is :
-

SEE] = SHE#-) .

~

In 5 IF] there is a pretopos &
# ,

given by strietifgiuy the stack :

~

8
#
: E*• → Cat

~

8*1×3 = 8*4 ⇒

corresponding to the codomain fibration

8¥
cod 1,
E.
*

•

Prop . {* is a sheaf representation
-

~

of E* , inthe sense TEF ≈ 8¥ .



Groupoid of Models C-

We then make 3¥ into an equivariant

sheaf on the groupoid ◦f- F-models :

IG# = GF ⇒ XF
.

Where :

✗*
= Space of F-models

GF = Space of #model isos .

The groupoid Chp supports the

groupoid representation of Sf#

T.is#-Sh6bit-)-nSheql9*)
, •

where Shaq /&#) is the topos of

19-+1 equivariant sheaves on ✗* .

-

See : Joyal -Tierney ,Butz . Moeudijk ,
A.-Forssell

,
Breiner

.



Now move the sheaf É* across
the equivalence

SHE
#) ⇒ Skeg GIG#)

to get an equivariant sheaf on $# ,
called the struetuaesheaf of the

10¥☆* , É# )

of the theory # . (Breiner 2012)

Renaults there's also the constant

equivariant sheaf DEF on IGF ,
and a canonical map

E : Abp → É* s

namely the transpose of the equivalence
&#→ TÉTT

.



19
Pry The isotropy group ZF
of IT is isomorphic to the

group of automorphisms of e :

2.* ⇐ Aat(D8#→ É* ) .

Corollary The stalk of 7.* at
a model M isTroop of
inner automorphisms :

"definable
"

Éphiavameters from M
(Z#)µ ≈ Anti /M) .

pf :

(Z*)µ ≈ Aat(D8#→ É# lie
± Aut 614%8#→M&É*)

≈ Ant ( EF→ %
#[MI) . . .
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÷: :12

iii.
ÉTT→ 8

#[M]

where &#[
M] in the factorization

&
#

Set

E¥M]
%

is :

E.
#
IM] = (Ip )

µ
= 14*65#)

= Eng EF/c-) = EFIM]
SM

Thus TIM] is the1k¥ .

•



The stalk of the isotropy group
at Mithun :

(Z#)µ ≈ Ant ( EF
→ &
#[ay)

≈ Aut (U#[M]) ,
which is indeed Aut; (M) , as claimed ,
since the model U

#[µ]
is in the syntactic

pnetopos &#grey ,
so its automorphisms

are in the¥of TIM] .

Remarks . The stalk pretopos &#[M]
-

is local
,
in the sense that its

T :-b
#[my
→Set is a

pretopos functor : 1 is projective
& indecomposable .
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