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Chapter 1

Introduction

1.1 A little history

We begin with a few historical remarks, intended to correct a common misconception about
the origins of type theory. For an excellent survey of the history of modern type theory
see [Coq22).

The history of type theory is closely tied to the history of logic, to which it is closely
related, but distinct. Modern logic emerged together with modern algebra in the 19th
century, as something like the algebra of “propositions”, as opposed to that of numbers or
quantities. As emphasized by Frege, the distinctive feature of logic was the notion of truth,
which establishes its connection to language, thought, judgement, and other anthropocen-
tric notions—as opposed to, say, numbers and sets, which could be regarded as existing
independently of human activity. Although Frege himself strove to establish logic as an
objective science, he struggled to define its basic objects in a way that did not rely on their
symbolic (one would now say “syntactic”) representations. Objects were determined as
things that could be named, possibly by complex symbolic expressions. The basic notion
of a function was, for Frege, something that derived from a complex name for an object by
allowing a constituent name to be replaced by another (think of forming an expression for
a polynomial function from an algebraic expression for a number). In this way, the basis
of logic was tied to the relation between symbolic expressions and their meaning (German
Bedeutunyg).

In addition to names of objects, and functional expressions regarded as fragmentary or
incomplete names, there were sentences, which were treated simply as names for objects
of a special kind, for which Frege coined the term truth value (German: Wahrheitswert).
Functions whose values were truth values — whose expressions were therefore fragmentary
sentences (i.e. predicates, or formulas with variables) — were called concepts (German: Be-
griffe). In this way, Frege’s system of logic was based on (i) objects, including truth values,
and functions, including concepts, all of which were in the objective realm of “things”, and
(i) their symbolic or linguistic expressions, which were regarded as being in a separate
realm. Mediating between the two realms was a third one called that of “senses” (German:
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6 Introduction

Symbols Senses Things
Total names, sentences | propositions | objects, truth values
Partial || formulas, predicates | properties functions, concepts

Table 1.1: Frege’s logical inventory

Sinne), which might now be called the intensions and included things like propositions,
which Frege called “thoughts” (German: Gedanken).

In this way, certain kinds of things (like functions) were inferred, or assumed, to corre-
spond to certain kinds of ezpressions. Accordingly, there were also assumed to be higher-
order functions, which resulted from complex expressions by removing the expressions for
functions and allowing these arguments to vary (a quantifier is an example of such a higher
function). Frege introduced a systematic use of different kinds of variables, notation for
variable binding, and other devices to permit the correct formal manipulation of expressions
denoting not only objects, but also functions of several arguments, functions of functions,
etc. He insisted, moreover, on a strict regimentation of the entities denoted by such ex-
pressions. A function of functions could no more take an object as argument than could a
noun replace a verb to make a sentence. In this way, Frege’s universe of logical entities was
partitioned into a rigid hierarchy of disjoint kinds that Russell later called logical types.

To be a bit more precise, if we let o denote the type of all objects (including truth
values), and A — B the type of functions from type A to type B, then Frege’s system of
all logical types T' is generated simply by the rules:

T:=o|(Ty,....,T,) — o0

where (T1,...,T,) — o represents the type of o-valued functions in several arguments of
types T1,...,T,, respectively. (This display can be read as a recursive specification as
follows: o is a type; if 11, ..., T, are types, then (T%,...,7T,) — o is a type; and nothing
else is a type.)

According to Russell [?], a type may be defined as “the range of significance of a
propositional function”, which corresponds roughly to Frege’s partition of all functions
according to what arguments they can take, with the ones taking no arguments being
the objects. Whereas for Frege, the values of such functions were arbitrary objects, for
Russell they were restricted to being propositions, thus corresponding (roughly[[) to Frege’s
concepts. Representing the type of propositions by p, Russell’s hierarchy of logical types
is then generated by the similar rules:

T:=o|p|(Ty,....,T,) = p

which is to say, all (higher-order) relations on objects and propositions. Of course, Russell
did not rest with this, but also introduced a further “ramification”, determined by the

'We are suppressing the subtlety that Russell’s functions were intensional, at least in the original
formulation, and so took values in propositions, rather than truth values.
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1.2 Proof relevance 7

quantificational structure of the expression specifying a given (propositional) function.
This was despite the fact that the unramified theory already sufficed to block the particular
inconsistency in Frege’s system that Russell had discovered [?]; nonetheless, Russell was
worried that other inconsistencies might yet result without the more elaborate ramified
theory of types.

The main point if these remarks is that Frege’s type theory, which roughly agrees with
what is now called simple type theory, was in fact not motivated by Russell’s discovery of an
inconsistency, but rather by a principled consideration of the nature of functions and their
relationship to the symbolic expressions by which they can be determined. Unfortunately,
Frege later effectively violated those restrictions by introducing the notion of the extension
(German: Wertverlauf) of a function to play the role of a proxy object. For ¢ a concept,
the extension Z¢ was essentially the set of objects satisfying the concept (the extension
of a general function was its “course of values”, something like its “graph”). It was this
assumption of extensions that led to the inconsistency in his system, via the infamous Law
V, which in modern predicate logical notation reads innocently enough as an “axiom of
extensionality”,

I =1 & V(o = ). (V)

It is indeed ironic that Frege, who first formulated, and strenuously insisted on, the natural
rules of logical types, ultimately fell victim to violating those very rules.

1.2 Proof relevance

An important aspect of Frege’s logic that distinguished it from the algebraic tradition of
the time was his emphasis on a rigorous formal system of derivations, specified by rules
of inference that made reference only to the outward logical (“syntactic”) form of the
expressions, and not to what they were assumed to mean. Frege regarded such formal
“gap-free” proofs as essential in determining the logical character of a judgement, unlike
some later logicians who regarded the logical status of a judgement as a property of the
expression alone, possibly determined by consideration of external “semantic” interpreta-
tions. The constructive tradition in logic and foundations can be seen as descending from
Frege’s invention of a formal deductive system for determining the truth of a judgement,
and his insistence on the importance of this notion; the related idea of proof-relevance in
constructive logic and modern theoretical computer science is arguably further evidence
for the validity of his point of view. The interaction between logic (with its emphasis on
truth) and type theory (which emphasizes proofs) is encapsulated in constructive logic and
type theory by the Curry-Howard correspondence. In these notes, we shall attempt to high-
light this relationship from yet another point of view: the interaction between conventional
algebraic structures and what we shall call categorified algebraic structures.
In a bit more detail:

e The Curry-Howard correspondence is sometimes presented as a somewhat mysteri-
ous connection between (say, propositional) logic and (simple) type theory, according
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Introduction

to which the “meaning” of a propositional formula is not just a truth-value (or a
truth table of values), but rather the collection of its proofs. The Propositions-as-
Types/Proofs-as-Terms (or Proofs-as-Programs) paradigm is then a proof-theoretic
(or computational) alternative to Tarskian, truth-value semantics. The same corre-
spondence also extends to first-order logic and dependent type theory, as we shall see
below.

The algebraic/categorical version of this correspondence is then as follows: not only
does propositional logic interpret into Boolean and Heyting algebras (and first- and
higher-order logic in (pre)toposes), but we also have categorical semantics of the
associated type theories, like the A-calculus which is modeled by (locally) cartesian
closed categories, such as categories of (pre)sheaves.

The poset algebra of truth-values used for the semantics of propositional or predicate
logic (e.g. the Boolean algebra {0,1}) is seen to be the poset reflection of a suitably
structured, proper category (e.g. Set), which models a type theory that, in turn, is
the “proof-relevant” version of the logic. The general scheme can be represented as
follows, with the first row being the proof-relevant version of the first:

Type Theory ‘ Category
Logic ‘ Algebra

Indeed, a third axis could be added for propositional versus predicate logic and simple
versus dependent type theories:

Logic ‘ Algebra H Type Theory ‘ Category
Propositional | Boolean algebra Simple CcCC
Predicate Boolean category || Dependent LCCC

The relationship between wvalidity and provability, which is classically described by
the relationship between logic and type theory, is described categorically by the
(adjoint) notions of categorical generalization and “poset reflection” between (struc-
tured) posets and categories. In this way, the Curry-Howard correspondence relates
to the idea of “categorification”: a structured category whose poset reflection is a
given structured poset. For example, a category with finite products is a categori-
fication of a A-semilattice, and the category Set is a categorification of the Boolean
algebra {0, 1}.

Finally, some new ideas have recently deepened this perspective: the original Curry-

Howard paradigm, relating truth-value semantics (model theory) with type-theoretic syn-
tax (proof theory), has turned out to capture only the first two levels of an infinite hierarchy
of levels of structure. These levels are not merely cumulative, but are related by inclusion,
truncation, (co-)reflection, and other operations. The importance of “proof-relevance” that
underlies the Propositions-as-Types idea is essentially just one special case of the coherence
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1.3 The Curry-Howard correspondence 9

issue that arises everywhere in higher category theory. And the once-bold replacement of
truth-values and sets by types in constructive logic and the foundations of computation
parallels the replacement of discrete structures (sheaves) by “higher” ones (stacks) in al-
gebra and geometry—except that we have now learned that the gap between the levels is
not just a single step, but rather an infinite hierarchy of levels of structure, each just as
significant as the first step.

These insights are reflected in current categorical logic in the recent extension from
algebraic logic (level 0) and topos theory (level 1) to higher topos theory and homotopy
type theory (level co). The latter are the focus of much current research, and the unification
of the various earlier topics that has been achieved already shows how much we have learned
about what happens in passing from 0 to 1, by passing from the finite to the infinite.

1.3 The Curry-Howard correspondence

Consider the following natural deduction proof in propositional calculus. This deduction
shows that
FAANB)AN (A= B)= B.

But so does the following: As does:

There is a sense in which the first two proofs are “equivalent”, but not the first and the
third. The relation (or property) of provability in propositional calculus - A discards such
differences in the proofs that witness it. According to the “proof-relevant” point of view,
sometimes called propositions as types, one retains as relevant some information about the
way in which a proposition is proved. This can be done by annotating the proofs with
proof-terms as they are constructed, as follows:

The proof terms for the first two proofs are the same, namely Az.my(x)(m (71 (x))), but

the term for the third one is Ax.my (7 (x)), reflecting the difference in the proofs. The assign-
ment works by labelling assumptions as variables, and then associating term-constructors
to the different rules of inference: pairing and projection to conjunction introduction and
elimination, function application and A-abstraction to implication elimination (modus po-
nens) and introduction. The use of variable binding to represent cancellation of premisses
is a particularly effective device.

1.4 Categorification

From the categorical point of view, the relation of deducibility A - B is a mere preorder.
The addition of proof terms x : A+t : B results in a categorification of this preorder, in
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10 Introduction

the sense that it becomes a “proper” category, the preordered reflection of which is the
deducibility preorder. And now a remarkable fact emerges: it is hardly surprising that the
deducibility preorder has, say, finite products A A B or even exponentials A = B; but it
is amazing that the category with proof terms x : At : B as arrows also turns out to be
a cartesian closed category, and indeed a proper one, with distinct parallel arrows, such as

mo(z)(mi(m(2))) : (ANB)AN (A= B) — B,
mo(m(z)) : (ANB)N (A= B) — B.

This category of proofs contains information about the “proof theory” of the propositional
calculus, as opposed to its mere relation of deducibility.

When the calculus of proof terms is formulated as a system of simple type theory, it
admits an alternate interpretation as a formal system of function abstraction and applica-
tion. This dual interpretation of the system of simple type theory—as the proof theory
of propositional logic, and as a formal system for manipulating functions—is sometimes
also referred to as the “Curry-Howard correspondence” [Sco70, ML84) [Tai6g]. From the
categorical point of view, it expresses an equivalence between two cartesian closed cate-
gories: that of proofs in propositional logic and that of terms in simple type theory, both of
which are categorifications of their common preorder reflection, the deducibility preorder
of propositional logic (cf. [MH92]).

In the next chapter, we shall consider this remarkable correspondence in more detail,
as well as some extensions of the basic case to A-calculus, respectively cartesian closed
categories, with sums, with natural numbers objects, and with modal operators. In the
subsequent chapter, it will be seen that this correspondence extends even further to proofs
in quantified predicate logic via dependent type theory and locally cartesian closed cate-
gories, and far beyond.

1.5 Completeness via representation theorems

As an example of the sort of reasoning that we shall extend from logic to type theory by
“categorification”, we sketch the proof of the Kripke completeness theorem for Intuitionistic
Propositional Logic (IPL) via Joyal’s representation theorem for Heyting algebras. For a
fuller exposition see [Awo, §2.1]. We begin with a basic system without the coproducts L
or ¢ V1, and thus also without negation —¢ = ¢ = 1, which we shall therefore call the
positive propositional calculus (a non-standard designation).

1.5.1 Positive propositional calculus

Classically, implication ¢ = 1 can be defined by —¢ V 1, but in categorical logic we prefer
to consider ¢ = 1) as an exponential of 1) by ¢ defined as right adjoint to the conjunction
(—) A ¢, applied to to the argument . Since this makes sense without negation —¢ or
joins ¢ V1, we can study just the cartesian closed fragment separately, and then add those
other operations later. The same approach will be used for type theory.
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1.5 Completeness via representation theorems 11

Definition 1.5.1. The positive propositional calculus PPC is the subsystem of the full
propositional calculus (see [Awo, §2.1]) containing just (finite) conjunction and implication.
So PPC is the set of all propositional formulas ¢ constructed from propositional variables
P1, P2, ..., & constant T for true, and the binary connectives of conjunction ¢ A 1 and
implication ¢ = 1.

The system of deduction for PPC has one form of judgement

¢17-~-7¢m|_¢

where the formulas ¢, ..., ¢, are called the assumptions (or hypotheses) and ¢ is the
conclusion. The assumptions are regarded as a (finite) set; so they are unordered, have
no repetitions, and may be empty. Deductive entailment, also denoted ® - ¢, is a relation
between finite sets of formulas ® and single formulas ¢, and is defined as the smallest such
relation satisfying the following rules:

1. Hypothesis:

if e d
Srg 1S

2. Truth:

ST

3. Conjunction:
N NS0 O pAY O pAY
O pAY NN ONSRD

4. Implication:
S, oY O = 0N oo}
O =0 N T

A proof of a judgement ® - ¢ is a finite tree built from the above inference rules the
root of which is ® - ¢, and the leaves of which are either the Truth rule or an instance of
the Hypothesis rule. A judgment ® - ¢ is provable if it has a proof.

Remark 1.5.2. An alternate form of presentation for proofs in natural deduction that is
more, well, natural uses trees of formulas, rather than of judgements, with leaves labelled by
assumptions ¥ that may also occur in cancelled form [¢]. Thus for example the introduction
and elimination rules for conjunction would be written in the form:

o o ) 6}
6 U A Y
SN 5 0
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12 Introduction

An example of a proof tree with (some) cancelled assumptions is the above rule of impli-
cation introduction, which takes the form: A proof tree in which all the assumptions have

been cancelled represents a derivation of an unconditional judgement such as - ¢.
We will have a better way to record such proofs using the A-calculus in the next chapter.

As a category, PPC is a preorder under the relation ¢ F v of logical entailment. As
usual, it will be convenient to pass to the poset reflection of the preorder by identifying ¢
and ¢ when ¢ —F 1. This poset category is called the Lindenbaum-Tarski algebra of the
system PPC, and we denote it by

Cppc -

The conjunction ¢ A 1) is a greatest lower bound of ¢ and v in Cppc, because ¢ A F ¢
and ¢ A ¢ F 9, and for all 9, if ¥ - ¢ and ¥ - @ then ¥ = ¢ A 1. Since binary products
in a poset are the same thing as greatest lower bounds, we see that Cppc has all binary
products; and of course T is a terminal object, so Cppc is a A-semilattice. We have already
remarked that implication is right adjoint to conjunction in the sense that for any ¢, there
is an adjunction between the monotone maps,

(—)/\qb . ¢:> (—) : Cppc — Cppc - (1.1)

Therefore ¢ = 1 is an exponential in Cppc. The counit of the adjunction (the “evaluation”
arrow) is the entailment

(@=¢)not 1y,
i.e. the familiar logical rule of modus ponens.
We therefore have the following:

Proposition 1.5.3. The poset Cppc of positive propositional calculus is cartesian closed.

We will use this fact to show that the positive propositional calculus is deductively
complete with respect to the following notion of Kripke semantics [?].

Definition 1.5.4 (Kripke semantics). We summarize this briefly as follows:
1. A Kripke model is a poset K (the “worlds”) equipped with a relation
klFp
between elements k£ € K and propositional variables p, such that for all j € K,
j<k, klFp implies jlFp. (1.2)

2. Given a Kripke model (K, IF), extend the relation I- to all formulas ¢ in PPC by
defining the relation of holding in a world k € K inductively by the following condi-

tions:
kIET always,
kIFoANY iff klF ¢ and kI, (1.3)
ko =1 iff for all j <k, if jIF ¢, then j I 1.
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1.5 Completeness via representation theorems 13

3. Finally, say that ¢ holds in the Kripke model (K,IF), written
KIFo

if kIF ¢ for all £ € K. (One sometimes also says that ¢ holds on the poset K if
K IF ¢ for all such Kripke relations |- on K.)

Theorem 1.5.5 (Kripke completeness for PPC). A propositional formula ¢ is provable
from the rules of deduction for PPC if, and only if, K I+ ¢ for all Kripke models (K,IF),

PPCF ¢ iff KI-¢ forall (K,IF).
For the proof, we first require the following.

Lemma 1.5.6. For any poset P, the poset Down(P) of all downsets in P, ordered by
inclusion, is cartesian closed. Moreover, the downset embedding,

1(=): P — Down(P)
preserves any CCC structure that exists in P.

Proof. The total downset P is obviously terminal, and for any downsets S,T € Down(P),
the intersection S N T is also closed down, so we have the products SAT = SNT. For
the exponential, let

S=T={peP| Llp)nSCT (1.4)

Then for any downset () we have

RQCS=T iff forallge®, qe =T,
iff forallge@, J(@nNnSCT,
i Uyeg(L@)n8) C T,
iff  (Upeg H@)NSCT,
iff QNSCT.

The preservation of CCC structure by | (—) : P — Down(P) follows from its preser-
vation by the Yoneda embedding, of which | (—) is a factor,

Set”™
/ ]\
P T) DOWﬂ(P)
Indeed, we can identify Down(P) with the subcategory Sub(1) < Set”™ of subobjects of
the terminal presheaf 1, and the result then follows easily by using the left adjoint left

inverse sup of the inclusion
sup 4 : Sub(1) < Set”™
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to be considered later (¢f. Lemma [2.6.1)).

But it is also easy enough to check the preservation of CC structure directly: preser-

vation of the limits 1, p A ¢ are immediate from the definitions. Suppose p = ¢ is an
exponential in P; then for any downset D we have:

DCl(p=yq) iff del(p=y¢q),foralde D
ifft d<p=gq,forallde D
iff dAp<gq,forallde D
ifft L (dAp)Cl(q), forallde D
it  J(d)n l(p) Cl(q),forallde D
it DCl(p)=1(q)

where the last line is by (1.4). Now take D to be | (p = ¢) and | (p) = | (q) respectively
(or just apply Yonedal!). (Note that in line (3) we assumed that d A p exists for all d € D;
this can be avoided by a slightly more complicated argument.) O

We can now give the proof of the completeness theorem. It follows a standard pattern,

which we will see again.

Proof. (of Theorem |1.5.5)

1. The syntactic category Cppc is a CCC, with T =1, ¢ X ¢ = ¢ A, and ¥? = ¢ = 1.

In fact, it is evidently the free cartesian closed poset on the generating set Var =
{p1,p2, ...} of propositional variables.

. By Step 1 and the fact that Down(K) is cartesian closed, Lemma [1.5.6, a CCC

functor Cppc — Down(K) is just an arbitrary map Var — Down(K’). But this is just
a (Kripke) model (K, IF), as in (1.2]).

. Thus we have a bijective correspondence between Kripke relations IF: K°P x Var —

2, arbitrary maps Var — Down(K), CCC functors [—] : Cppc — Down(K), and
monotone maps (also called) I-: K x Cppc — 2:

IF: K°F x Var — 2
[-] : Var — 25 = Down(K)
[[—]] : CPPC — DOWH(K) o~ PR

Ik K°P XCPPC — 2

where we use the poset 2 to classify downsets in the poset K, or equivalently, upsets
in K°P (the contravariance will be convenient in Step 6). Here we are using the CCC
structure of the category of posets. Note that the monotonicity of I- in the last line
yields both of the conditions

<k, klFp = jlFo
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1.5 Completeness via representation theorems 15

and
klFo, oFv = klF.

4. Moreover, the CCC preservation of the map [—] in the third line yields the Kripke
forcing conditions (|1.3]) (exercise!).

5. For any model (K, IF), by the adjunction in (3) we then have
K¢ < [¢]=K,
where K C K is the maximal downset.

6. Because the downset embedding | preserves the CCC structure (by Lemma |1.5.6)),
Cppc has a canonical model, namely the special case of (3) with K = Cppc and I+
resulting from the transposition:

\l/(_) : CPPC — DOWn(Cppc) = QC;E’C

- Cppe X Cppc — 2

7. Now observe that for the Kripke relation IF in (6) we therefore have IF = k| since it
is the transpose of the downset embedding, and the poset Cppc is ordered by ¢ = ).
So the canonical model (Cppc, IFF) is logically generic, in the sense that

oY <= ok

Thus in particular,
CepclFp <= PPCHFo.

The case of a general (K, IF) now follows easily. O

Exercise 1.5.7. Verify the claim in (4) that CCC preservation of the transpose [—] of I
yields the Kripke forcing conditions (1.3).

Exercise 1.5.8. Give a Kripke countermodel to show that PPC ¥ (¢ = ) = ¢.

1.5.2 Heyting algebras

Let us now extend the positive propositional calculus to the full intuitionistic propositional
calculus. This involves adding the finite coproducts 0 and pV ¢ to the notion of a cartesian
closed poset, to arrive at the general notion of a Heyting algebra. Heyting algebras are to
intuitionistic logic as Boolean algebras are to classical logic: each is an algebraic description
of the corresponding logical calculus. We shall review both the algebraic and the logical
points of view; as we shall see, many aspects of the theory of Boolean algebras carry over
to Heyting algebras. For instance, in order to prove the Kripke completeness of the full
system of intuitionistic propositional calculus, we will need an alternative to Lemma|1.5.6
because the Yoneda embedding does not in general preserve coproducts. For that we will
again use a version of the Stone representation theorem (see [Awol §2.7]), this time in a
generalized form due to Joyal.
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Distributive lattices

Recall first that a (bounded) lattice is a poset that has finite limits and colimits. In other
words, a lattice (L, <, A,V,1,0) is a poset (L, <) with distinguished elements 1,0 € L, and
binary operations of meet A and join V, satisfying for all xz,y, z € L,

z<zx z <y <z y<z

0<z<1

z<x Ny zVy<z

A lattice homomorphism is a function f : L — K between lattices which preserves finite
limits and colimits, i.e., f0=0, f1 =1, f(x Ay) = fz A fy, and f(xVy) = fxV fy. The
category of lattices and lattice homomorphisms is denoted by Lat.

Lattices are an algebraic theory, and can be axiomatized equationally in a signature
with two distinguished elements 0 and 1 and two binary operations A and V, satisfying the
following equations:

(ANyY)ANz=axN(yAz), (xVy)Vz=aV(yVz),
TNy=yANx, tVy=yVuo,
TAT =1, zVr=u, (1.5)
1Nz =2x, OVx==x,

zA(yVe)=z=(xANy) V.
The partial order on L is then determined by
Ty &= z=xNYy.
Exercise 1.5.9. Show that in a lattice we also have x < y if and only if x Vy = y.
A lattice is distributive if the following distributive laws hold:

Vyyhz=(xANz)V(yAz),
rAy)Vz=(xVz)A(yVz).

It turns out that if one distributive law holds then so does the other [Joh82| 1.1.5].

Definition 1.5.10. A Heyting algebra is a cartesian closed lattice. This means that a
Heyting algebra H has a binary operation of implication x = y, satisfying the following
condition, for all z,y, 2z € H:

z<rT=yY

ANz <y

A Heyting algebra homomorphism is a lattice homomorphism f : K — H between
Heyting algebras that preserves implication, i.e., f(x = y) = (fz = fy). The category of
Heyting algebras and their homomorphisms is denoted by Heyt. (Caution: unlike Boolean
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1.5 Completeness via representation theorems 17

algebras, the subcategory of lattices consisting of Heyting algebras and their homomor-
phisms is not full.)

Heyting algebras can be axiomatized equationally as a set H with two distinguished
elements 0 and 1 and three binary operations A, V and =. The equations for a Heyting
algebra are the ones listed in , as well as the following ones for =.

(x=x)=1,
rA(x=y)=zANy,
ynNz=y) =y,
(x=WAhz2)=(x=y)A(r=2).

(1.7)

For a proof, see [Joh82, I.1], where one can also find a proof that every Heyting algebra is
distributive (exercise!).

Exercise 1.5.11. Show that every Heyting algebra is indeed a distributive lattice.

Example 1.5.12. We know from Lemma that for any poset P, the poset Down(P)
of all downsets in P, ordered by inclusion, is cartesian closed. Moreover, we know that

Down(P) = Pos(P°?,2),

the latter regarded as a poset with the pointwise ordering on the monotone maps P°° — 2
(i.e. the natural transformations). The assignment takes a map f : P°® — 2 to the
filter-kernel f~1(1) C P°P, which is therefore an upset in P°?; and so a downset in P.

Since 2 is a lattice, we can take joins f V g in Pos(P°P,2) pointwise, in order to get
joins in Down(P) = Pos(P°P,2), which then correspond to (set theoretic) unions of the
corresponding downsets f~(1) U g~'(1). Thus for any poset P, the lattice Down(P) is a
Heyting algebra, with the downsets ordered by inclusion, and the (contravariant) classifying
maps P°P — 2 ordered pointwise:

Proposition 1.5.13. For any poset P, the poset Down(P) of all downsets in P ordered
by inclusion is a Heyting algebra. The lattice operations of meet and join agree with the
set-theoretic ones of intersection and union. The Heyting implication S = T is given as
m by:

S=T = {peP|llpnSCT}.

Of course, one can also compose the classifying maps with the negation iso = : 2 = 2 to
get Down(P) = Pos(P, 2), with covariant classifying maps P — 2 for the downsets, using
the ideal-kernels f~!(0) C P instead of the filters; but then the ordering on Pos(P,2) will
be the reverse pointwise ordering of maps f: P — 2.

Example 1.5.14. For any topological space X, the poset of open sets O(X) is a Heyting
algebra, with the lattice operations inherited from the powerset, and the Heyting implica-
tion given by

U=V=|J{Weox |WnUucVv}.

[DRAFT: May 10, 2025



18 Introduction

Intuitionistic propositional calculus

There is an obvious forgetful functor U : Heyt — Set mapping a Heyting algebra to
its underlying set, and a homomorphism of Heyting algebras to the underlying function.
Because Heyting algebras are also models of an equational theory, there is a left adjoint
H - U, which is the usual “free” construction for algebras, mapping a set X to the free
Heyting algebra H(X) generated by it. As for all algebraic structures, the construction
of H(X) can be performed in two steps: first, define a set H[X] of formal expressions in
the signature, and then quotient it by an equivalence relation generated by the equations
and (7).

In more detail, let H[X] be the set of formal expressions generated inductively by the
following rules:

1. Generators: if © € X then z € H[X].
2. Constants: L, T € H[X].
3. Connectives: if ¢,9 € H[X] then (¢ A1), (¢ V ), (¢ = ¢) € H[X].

We then impose an equivalence relation ~ on H[X], defined as the smallest equivalence
relation containing all instances of the axioms and and closed under substitution
of equals for equals (sometimes called the smallest congruence). This then forces the
quotient

H(X) = H[X]/.

to be a Heyting algebra, as is easily checked.

We define the action of the functor H on morphisms as usual: a function f: X — Y is
mapped to the Heyting algebra homomorphism H(f) : H(X) — H(Y) (well-)defined (on
equivalence classes) by

where x stands for A, V or =.

The inclusion of generators nx : X — UH(X) into the underlying set of the free
Heyting algebra H(X) is then the component at X of a natural transformation 7 : lge; =
U o H, which is of course the unit of the adjunction H - U. To see this, consider a
Heyting algebra K and an arbitrary function f : X — UK. Then the Heyting algebra
homomorphism f : H(X) — K is defined in the evident way, by

fL fi=1. fz=fz,
¥) = (f

=1
f (fo) * (Fv)

(¢

[DRAFT: May 10, 2025



1.5 Completeness via representation theorems 19

where, again, * stands for A, V or =. The map f then makes the following triangle in Set

commute:
X X5 UH(X)
\}\ﬂlw
UK

The homomorphism f : H(X) — K is the unique one with this property, because any two
homomorphisms from H(X) that agree on generators must clearly be equal (formally, this
can be proved by induction on the structure of the expressions in H[X]).

We can now define the intuitionistic propositional calculus IPC to be the free Heyting
algebra H(pg, p1, . .. ) on countably many generators {po, p1, . .. }, called atomic propositions
or propositional variables. This is a somewhat unorthodox definition from a logical point of
view—normally we would start from a deductive calculus consisting of a formal language,
entailment judgements, and rules of inference. But of course, by now, we realize that the
two approaches are essentially equivalent.

Having said that, let us also briefly describe IPC in the conventional way: The formulas
of IPC are built inductively as usual from propositional variables pg, p1, ..., constants
false | and true T, and binary operations A, disjunction V and implication =-.

The rules are those of the positive calculus together with the following:

5. Falsehood:

dr L
)
6. Disjunction:
PHo QH dPHoVY D oHO  DYHE
PEoVY dEOVY dFo

For the purpose of deduction, we define —¢ := ¢ = L and ¢ < ¢ := (¢ = ) A (Y = ¢).

Then let Cipc be the poset reflection of the formulas of IPC, preordered by entailment
¢ F 1. The elements of Cipc are thus equivalence classes [¢] of formulas, where two
formulas ¢ and ¢ are equivalent if both ¢ - ¢ and ¢ = ¢ are provable in natural deduction,

(9] =[¥] = ¢+1.

This syntactic category Cipc is then easily seen to be the free Heyting algebra on the
countably many generators {po, p1,. - },

CIPC = H(p07p17"')7

just as the corresponding Lindenbaum-Tarski algebra Cppc was seen to be the free CCC
poset on the propositional variables.
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Classical propositional calculus

Let us have a brief look at the theory of classical propositional logic from the current point
of view, i.e. as a special kind of Heyting algebra. An element x € L of a lattice L is said
to be complemented when there exists y € L such that

r ANy =0, xVy=1.

We say that y is the complement of x. In a distributive lattice, the complement of x is
unique if it exists. Indeed, if both y and z are complements of x then

yAz=YyA2)VO=(yA2)VyAz)=yA(zVz)=yAl=y,

hence y < z. A symmetric argument shows that z < y, therefore y = z. The complement
of x, if it exists, is denoted by —x.

A Boolean algebra may be defined as a distributive lattice in which every element is
complemented. In other words, a Boolean algebra B has a complementation operation
= : B — B which satisfies, for all z € B,

xA-x=0, xV-x=1. (1.8)
The full subcategory of Lat consisting of Boolean algebras is denoted by BA.

Exercise 1.5.15. Prove that every Boolean algebra is a Heyting algebra. (Hint: how is
implication encoded in terms of negation and disjunction in classical logic?)

In a Heyting algebra, not every element is complemented. However, we can still define
a pseudo complement or negation operation — by

-z =(x=0),

Then —x is the largest element for which x A~z = 0. While in a Boolean algebra ——x = =z,
in a Heyting algebra we only have x < ——x in general. An element = of a Heyting algebra
for which x = ——x is called regular.

Exercise 1.5.16. Derive the following properties of negation in a Heyting algebra:

z <
—|$:—|—|—|:C,
z<y=-y< -,

Exercise 1.5.17. We know from Example|l.5.14|that the topology O(X) of any topological
space X is a Heyting algebra. Describe in topological language the implication U = V/,
the negation =U, and the regular elements U = =—=U in OX.
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1.5 Completeness via representation theorems 21

Exercise 1.5.18. Show that for a Heyting algebra H, the regular elements of H form a
Boolean algebra H_—, = {x eH ‘ T = —|—|x}. Here H__, is viewed as a subposet of H. Hint:
negation —', conjunction A’, and disjunction V' in H__, are expressed as follows in terms of
negation, conjunction and disjunction in H, for z,y € H__:

/

—'r =, zNy=--(xAy), xV'y=-=(xVy).

From logical point of view, the classical propositional calculus CPC is obtained from the
intuitionistic propositional calculus by the addition of either one of the following additional
rules.

7. Classical logic:
O F g

DF Vo dF &

Identifying logically equivalent formulas of CPC, we obtain a poset Ccpc ordered by
logical entailment. This poset is, of course, the free Boolean algebra on the countably
many generators {pg,pi,...}. The free Boolean algebra can be constructed just as the
free Heyting algebra above, either equationally, or in terms of deduction. The equational
axioms for a Boolean algebra are the axioms for a lattice , the distributive laws ,
and the complement laws .

Exercise* 1.5.19. Is Ccpc isomorphic to the Boolean algebra Cipc__ of the regular elements
of C|pc?

Exercise 1.5.20. Show that in a Heyting algebra H, one has ——x = z for all xt € H
if, and only if, y V -y = 1 for all y € H. Hint: half of the equivalence is easy. For the
other half, observe that the assumption ——x = x means that negation is an order-reversing
bijection H — H. It therefore transforms joins into meets and vice versa, and so the De
Morgan laws hold:

(@ Ay) =3V oy, ~(@Vy)=-z Ay,

Together with y A—y = 0, the De Morgan laws easily imply yV -y = 1. See [Joh82] 1.1.11].

Kripke semantics for IPC
Let us now prove the Kripke completeness of IPC, extending Theorem namely:

Theorem 1.5.21 (Kripke completeness for IPC). Let (K,IF) be a Kripke model, i.e. a
poset K equipped with a forcing relation k I+ p between elements k € K and propositional
variables p, satisfying

j<k, kl-p dimplies jlFp. (1.9)
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Extend I+ to all formulas ¢ in IPC by defining

k=T always,

k=L never,

klFo Ay iff k- ¢ and k-1, (1.10)
klFoVy iff klFo orkl-1, (1.11)
klFo¢ =1 iff forall j <k, if jI- ¢, then jIF .

Finally, write K |- ¢ if k|- ¢ for all k € K.
A propositional formula ¢ is then provable from the rules of deduction for IPC if, and
only if, K |- ¢ for all Kripke models (K,IF). Briefly:

IPCF ¢ iff KIF¢ for all (K,IF).

Let us first see that we cannot simply reuse the proof from Theorem for the
positive fragment PPC, because the downset (Yoneda) embedding that we used there

\l, SCppc — DOWH(Cppc) (112)

would not preserve the coproducts L and ¢ V 1. Indeed, | (L) # (), because it contains
1L itself! And in general | (¢ V ¢) #1 (¢) U | (¥), because the righthand side need not
contain, e.g., ¢ V 1.

Instead, we will generalize the Stone Representation theorem |[Awol §2.6] from Boolean
algebras to Heyting algebras using a theorem due to A. Joyal (cf. [MR95, MH92]). First,
recall that the Stone representation provides, for any Boolean algebra B, an injective
Boolean homomorphism into a powerset,

B— PX.

For X we take the set of prime filters, which we can identify with the homset of Boolean
homomorphisms BA(B, 2) by taking the filter-kernel f~'(1) C B of a homomorphism f :
B — 2. The injective homomorphism 7 : B — P(BA(B, 2)) is then given by:

nb) ={Flbe F} ={f:B—=2[f(0)=1}.

Now, the set BA(B,2) can be regarded as a (discrete) poset, and since the inclusion
Set <— Pos as discrete posets is left adjoint to the forgetful functor |—| : Pos — Set, for the
powerset P(BA(B,2)) we have

P(BA(B,2)) = Set(BA(B, 2),2) = Pos(BA(B, 2),2) = 2BAB2)

where the latter is the exponential in the cartesian closed category Pos. Composing with
the Stone representation 1 : B — P(BA(B,2)) and transposing in Pos,

B — P(BA(B,2)) = 2BAGB2)
BA(B,2) x B — 2
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we arrive at the (monotone) evaluation map
eval : BA(B,2) x B — 2. (1.13)

Finally, recall that the category of Boolean algebras is full in the category DLat of distribu-
tive lattices, so that

BA(B,2) = DLat(B,2).

Now for any Heyting algebra H (or indeed any distributive lattice), the homset DLat(H, 2),
ordered pointwise, is isomorphic to the poset of all prime filters in ‘H ordered by inclusion,
again by taking h : H — 2 to its (filter) kernel A~{1} C H. In particular, when H is
not Boolean, the poset DLat(#,2) is no longer discrete, since prime filters in a Heyting
algebra need not be maximal. Indeed, recall that Proposition 77 described the prime filters
in a Boolean algebra B as those with a classifying map f : B — 2 that is a lattice homo-
morphism and therefore those with a complement f~1(0) C B that is a (prime) ideal. In
the Boolean case, these were also the mazimal filters, because the preservation of Boolean
negation —b allowed us to deduce that for every b € B, exactly one of b or =b must be in
such a filter F'. In a Heyting algebra, however, the last condition need not obtain; and
indeed prime filters in a Heyting algebra need not be maximal.

The transpose in Pos of the evaluation map,

eval : DLat(H,2) x H — 2. (1.14)
is again a monotone map
n :H — 2P (1.15)
which takes p € H to the “evaluation at p” map f — f(p) € 2, i.e.,

n,(f)=f(lp) forpeHand f:H —2,

As before (cf. Example , the poset 2PL2t(*:2) (ordered pointwise) may be identified
with the downsets in the poset DLat(H,2)°, ordered by inclusion, which recall from Ex-
ample is always a Heyting algebra. Thus, in sum, for any Heyting algebra H, we
have a monotone map,

n:H — Down(DLat(H,2)), (1.16)

generalizing the Stone representation from Boolean to Heyting algebras.

Theorem 1.5.22 (Joyal). Let H be a Heyting algebra. There is an injective homomorphism
of Heyting algebras
‘H ~— Down(J)

into the Heyting algebra of downsets in a poset J.

Note that in this form, the theorem literally generalizes the Stone representation the-
orem: when H is Boolean we can take J to be discrete, and then Down(J) = Pos(J,2) =
Set(J,2) = P(J) is Boolean, whence the Heyting embedding is also Boolean.
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The proof will again use the transposed evaluation map,
n:H — 2P0 =~ Down(DLat(H, 2)*)

which, as before, is injective, by the Prime Ideal Theorem (see [Awo] Lemma ?7). We will
use the latter in the following form due to Birkhoff.

Lemma 1.5.23 (Prime Ideal Theorem). Let D be a distributive lattice, I C D an ideal,
and x € D with x € I. There is a prime ideal I C P C D with x & P.

Proof. As in the proof of Lemma 7?7, it suffices to prove it for the case I = (0). This time,
we use Zorn’s Lemma: a poset in which every chain has an upper bound has maximal
elements. Consider the poset Z\z of “ideals I without 2", x & I, ordered by inclusion.
The union of any chain Iy C I; C ... in Z\z is clearly also in Z\x, so we have (at least
one) maximal element M € Z\z. We claim that M C D is prime. To that end, take
a,b€ D withaANbe M. If a,b ¢ M, let M[a] = {n <mVa|m e M}, the ideal join
of M and | (a), and similarly for M [b]. Since M is maximal without z, we therefore have
x € Mla] and x € M[b]. Thus let z < mVa and x < m'V b for some m,m’ € M. Then
xvVm' <mVm'Vaand zVm<mVm' Vb, so taking meets on both sides gives

(xvVm YA (xvm) < (mvVm'Va)A(mVm' Vb)=(mVm')V(aAb).

Since the righthand side is in the ideal M, so is the left. But then z < 2V (m Am’) is also
in M, contrary to our assumption that M € Z\zx. [

Proof of Theorem[1.5.29 As in ((1.16]), let J°P = DLat(H, 2) be the poset of prime filters
in H, and consider the transposed evaluation map (|1.16)),

n : H — Down(DLat(#,2)%) & 2Ptat(#2) (1.17)

given by n(p) = {F[p € F prime} = {f:H — 2| f(p) = 1}.

Clearly n(0) = () and n(1) = DLat(#H, 2), and similarly for the other meets and joins,
so 7 is a lattice homomorphism. Moreover, if p # ¢ € H then, as in the proof of 77, we
have that n(p) # n(q), by the Prime Ideal Theorem (Lemma([1.5.23)). Thus it only remains
to show that

nlp=q) = np)=nlq).
Unwinding the definitions, this means that, for all f € DLat(#H, 2),

flp=q) =1 iff forall g > f, g(p) =1 implies g(q) = 1. (1.18)
Equivalently, for all prime filters F' C H,
p=gq€F iff forall prime G D F, p€ G implies q € G. (1.19)

Now if p = ¢ € F, then for all (prime) filters G O F, also p = ¢ € G, and so p € G
implies ¢ € G, since (p = ¢) Ap < q.
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Conversely, suppose p = ¢ ¢ F, and we seek a prime filter G O F with p € G but
q ¢ G. Consider the filter

Fpl={ztAp<heH|xeF},

which is the join of F' and 1(p) in the poset of filters. If ¢ € F[p|, then x A p < ¢ for some
x € F, whence z < p = ¢, and so p = ¢ € F, contrary to assumption; thus ¢ ¢ F[p]. By
the Prime Ideal Theorem again (applied to the distributive lattice H°P) there is a prime
filter G 2 F[p] with ¢ ¢ G. O

The proof of the Kripke completeness theorem now proceeds as in the case of
PPC: given a formula ¢ such that K IF ¢ in every Kipke model (K, IF), then in particular,
for the universal model J = DLat(IPC,2)°", ordered by inclusion of downsets, we must
have J IF ¢. This means that for the embedding , we have ng = IPC = nT, the
maximal downset, and so by injectivity of n, we must have T F ¢. The converse follows
from the universality of IPC as the free Heyting algebra.

The classical case of “truth tables” results by considering arbitrary assignments v from
Var = {po, p1, ...} to truth values 2, which correspond to Boolean homomorphisms from
the free Boolean algebra B(po,p1,...), and therefore to maximal filters in B(py, p1, ... ).
Joyal’s representation theorem then agrees with that of Stone, and the resulting complete-
ness theorem is then exactly the classical one for CPC: a propositional formula is provable
in CPC if, and only if, its truth value computes to 1 by the usual “truth-table rules” (i.e.
the definition of a Boolean homomorphism) under every assignment v : {pg, p1,...} — 2
of truth values to the propositional letters it contains.

Corollary 1.5.24 (Completeness for classical PC). The classical propositional calculus is
deductively complete with respect to truth-value semantics (“truth tables”).

Exercise 1.5.25. Give a Kripke countermodel to show that the Law of Excluded Middle
¢ V —¢ is not provable in IPC.

Topological semantics for IPC

Finally, we recall the topological interpretation of IPC, because it will also be generalized
to type theory. It is clear how to interpret IPC into a topological space X: each formula ¢
is assigned to an open set [¢] € OX in such a way that [—] is a homomorphism of Heyting
algebras.

Definition 1.5.26. A topological model of IPC consists of a space X and a function
[-] : Var - O(X)

from the propositional variables Var = {pg, p1, ...} to open sets of X. The interpretation
is then extended to all formulas,

[-] : IPC = O(X),
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by setting:

where the Heyting implication [¢] = [¢] in OX, is defined as in Example [1.5.14] as

[¢l = [¥] = |J{Ueox |Un[¢] C[¥]} -

Joyal’s representation theorem[1.5.22|then easily implies that IPC is sound and complete
with respect to topological semantics.

Corollary 1.5.27. A formula ¢ is provable in IPC if, and only if, it holds in every topo-
logical interpretation [—] into a space X, briefly:

IPCH ¢ iff [¢] = X for all spaces X .

Proof. Put the Alexandroff topology on the downsets of prime filters in the Heyting alge-
bra IPC. [

Exercise 1.5.28. Give a topological countermodel to show that the Law of Double Nega-
tion —=—¢ = ¢ is not provable in IPC.
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1.6 Outline

Here is a preliminary outline of the course:

1. Introduction (week 1)

(a) Logic and type theory
(b) Proof relevance, Curry-Howard, categorification

(¢) Soundness and completeness via embedding and representation theorems
2. Simply Typed Lambda-Calculus (weeks 2-5)

(a) Lambda theories and their models in CCCs
(b) Classifying category and functorial semantics
(c) Completeness in CCCs
(d)
)

(e) Further topics:

Poset and Kripke semantics

i. Topological models, spaces and local homeomorphisms.
ii. H-Sets, sheaves, realizability

iii. Domains

iv. NNOs

v. The untyped lambda-calculus

vi. Modalities and monads

vii. Monoidal closed categories and linear type theory

viii. Normalization
3. Dependent Type Theory (weeks 6-9)

(a) Dependent types
i. Sigma, Pi, and Equality types
ii. Beck-Chavalley
iii. Hyperdoctrines

(b) Locally cartesian closed categories

i. The slice lemma
ii. H-sets
iii. Presheaves

iv. Local homeomorphisms
(¢) Completeness in LCCCs

i. Kripke semantics
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ii. Topological semantics
iii. Kripke-Joyal forcing
(d) W-types
i. Polynomial endofunctors

ii. Initial algebras
(e) Coherence:

i. CwF's, natural models
ii. Universes and the Beck-Chevalley
(f) Further topics:
i. Equilogical spaces
ii. Final coalgebras and coinduction
iii. Impredicativity, realizability models
iv. CwA’s, comprehension categories
v. Setoids and quotient types
vi. Normalization and decidability of equality

4. Homotopy Type Theory (weeks 10-13)

(a) Identity types
i. UIP
ii. function extensionality

(b) Fibrations

(
(

)

) Hofmann-Streicher universes
d) Univalence
)
)

C

e) The H-levels: Prop, Set, Gpd, ...

f) Further topics:

(

(
i. The groupoid model

ii. Algebraic weak factorization systems

iii. Homotopy-initial algebras

iv. Synthetic homotopy theory: 7(S?!)
5. Student Presentations (week 14)

(a) 2 talks / class meeting = 4 presentations

[DRAFT: May 10, 2025



Chapter 2

Simple Type Theory

2.1 The )-calculus

The A-calculus is an abstract theory of functions, much like group theory is an abstract
theory of symmetries. There are two basic operations that can be performed with functions.
The first one is the application of a function to an argument: if f is a function and a is an
argument, then fa is the application of f to a, also called the value of f at a. The second
operation is abstraction: if x is a variable and t is an expression in which  may appear,
then there is a function f defined by the equation

fr=t.

Here we gave the name f to the newly formed function, which takes an argument = to the
value t. But we could have expressed the same function without giving it a name; this is
sometimes written as

T,

and it means “z is mapped to t”. In A-calculus we use a different notation, which is more
convenient when such abstractions are nested within more complex expressions, namely

.t .

This operation is called A-abstraction. For example, Az. Ay. (z + y) is the function that
maps an argument a to the function Ay. (a + y), which in turn maps an argument b to the
value a 4+ b. The variable x is said to be bound in the expression \z.t.

It may seem strange that in discussing the abstraction of a function, we switched
from talking about objects (functions, arguments, values) to talking about expressions:
variables, names, equations. This “syntactic” point of view seems to have been part of
the notion of a function from the start, in the theory of algebraic equations. It is the
reason that the A-calculus is part of logic, unlike the theory of cartesian closed categories,
which remains thoroughly semantical (and “variable-free”). The relation between the two
different points of view occupies this chapter (and, indeed, the entire subject of logic!).
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There are two kinds of A-calculus: the typed and the untyped. In the untyped version
there are no restrictions on how application is formed, so that an expression such as

Az. (zz)

is allowed, whatever it may mean. We will concentrate here on the typed A-calculus (but
see Example below). In typed A-calculus every expression has a type, and there are
rules for forming valid expressions and assigning types. For example, we can only form an
application fa when f has, say, type A — B and a has type A, and then fa will necessarily
have type B. The basic judgement that an expression ¢ has a type T' is written as

t:T

and it is one of the primitive notions of type theory (meaning that it is not defined). To
computer scientists, the idea of expressions having types is familiar from programming
languages; whereas mathematicians can think of types as sets and read t : A ast € A (at
least to get started).

Simply-typed A-calculus. We now give a more formal definition of what constitutes a
simply-typed \-calculus. First, we are given a collection of simple types, which are generated
from some basic types by formation of product and function types:

Basic types B:=Bg|B; |By---
Simple types A:=B:u=1]A; x Ay | A — As.

When convenient, we may adopt the convention that function types associate to the right,
A—-B—-C = A— (B—C).

We assume there is a countable set of wariables x,y,z,... at our disposal. We are also
given a set of basic constants. The set of terms is generated from variables and basic
constants by the following grammar:

Variables vi=z|y|z| -
Constants cu=cy|cy|---
Terms t:=v|c|*| (t;,t2) | fstt |sndt |t1ts | Ax: At

In words, this means:
1. any variable is a term,
2. each basic constant is a term,
3. the constant * is a term, called the unit,

4. if s and ¢t are terms then (s,t) is a term, called a pair,
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5. if t is a term then fstt¢ and sndt are terms,
6. if s and t are terms then st is a term, called an application,

7. if x is a variable, A is a type, and t is a term, then Az : A.t is a term, called a
A-abstraction.

The variable x is bound in Az : A.t. Application associates to the left, thus stu = (st)u.
The set of free variables FV(t) of a term ¢ is determined as follows:

FV(z) = {x} if x is a variable
FV(a) =0  if a is a basic constant
FV({u,t)) = FV(u) UFV(t)
FV(fstt) = FV(¢)
FV(sndt) = FV(t)
FV(ut) = FV(u) UFV(t)
FV(Az.t) = FV(t) \ {x}
A term t is closed if all of its variables are bound, so that FV(¢t) = 0. If xq, ..., z, are
distinct variables and Ay, ..., A, are types then the sequence

.TllAl,...,ZCnZAn

is a typing context, or just context. The empty sequence is sometimes denoted by a dot -,

and it is a valid context. We may identify contexts under reordering, regarding them as

sets rather than sequences. Contexts may be denoted by capital Greek letters I', A, ...
A typing judgment is a judgment of the form

|t A
where I' is a context, ¢ is a term, and A is a type. In addition, the free variables of ¢
must occur in I', but I' may contain other variables as well. We read the above judgment

as “in context I' the term t has type A”. Next we describe the rules for deriving typing
judgments.

e Each basic constant ¢; has a uniquely determined type C; (not necessarily basic):

F|C,L'ICZ'

e The type of a variable is determined by the context:

Doz, Ay | zn 0 Ay
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e The constant * has type 1:
[x:1
e The typing rules for pairs and projections are:

['|a:A I'|b:B I'|t:Ax B 'le:Ax B
I'|{ab): Ax B ['|fstt: A I'| sndt: B

e The typing rules for application and A-abstraction are:

rft:A—B I'la:A Lx:A|t:B
['|ta:B 'f(A:A.t): A= B

Lastly, we have equations between terms: for terms of type A in context I,
I'|s:A, I't:A,
the judgment that they are equal is written as
['|s=t:A.

Note that s and ¢ necessarily have the same type; it does not make sense to compare terms
of different types. We have the following rules for equations, the effect of which is to make
equality between terms into an equivalence relation at each type, and a congruence with
respect to all of the operations, just as for algebraic theories:

e Equality is an equivalence relation:

I's=t:A ['|s=t:A Clt=u:A
Clt=t:A Clt=s:A [|s=u:A

e The substitution rule:

|s=t:A z:Alu=v:B
['|uls/x] =v[t/z]: B

e The weakening rule:
Is=t:A
I'z:Bl|s=t:A

e Unit type:
Clt=x:1
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e Equations for product types:

Nu=v:A I'ls=t:B
' (u,s)=(v,t): Ax B
'|s=t:AxB ['|s=t:AxB
['|fsts=1fstt: A ['| snds =sndt: A

I'|t=(fstt,sndt): AXx B

I'|fst(s,t) =s: A I'|snd(s,t) =t: A

e Equations for function types:
[|s=t:A— B Ffu=v:A
I'|su=tv:B
e:Alt=u:B
Fl(A:At)=M:A.u):A— B
't:A— B
F'fXx:A.(te)=t:A— B

(n-rule)

' (A\z: A t)u=tu/z]: A (B-rule)

where the substitution ¢[u/x] is defined as usual (see the Appendix).
This completes the description of a simply-typed A-calculus.

Simply-typed A-theories. Apart from the above rules for equality, which are part of
the A-calculus, we might want to impose additional equations between terms. In this case
we speak of a A-theory. Thus, a A-theory T is given by a set of basic types and a set of
basic constants, called the signature, and a set of equations of the form

I'fs=t:A.

Note that we can always state the equations equivalently in closed form simply by A-
abstracting all the variables in the context I'.
We summarize the preceding definitions.

Definition 2.1.1. A (simply-typed) signature S is given by a set of basic types (B;)icr
together with a set of basic (typed) constants (c; : Cj)je,

S = (Bier (¢j: Ch)jes) -

A simply-typed A-theory T = (S, E) is a simply-typed signature S together with a set of
equations between closed terms,

E:(uk:vk:Ak)

keK -~
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Example 2.1.2. The theory of a group is a simply-typed A-theory. It has one basic type
G and three basic constants, the unit e, the inverse i, and the group operation m,

e:G, i:G—=G, m:GxG—=G,

with the following familiar equations (which we need not give in closed form):

8 8 8
o
B
o
8

)
r:G|mn(iz,z) =

Example 2.1.3. More generally, any (Lawvere) algebraic theory A (as in Chapter ?7)
determines a A-theory A*. There is one basic type A and for each operation f of arity k
there is a basic constant £ : A¥ — A, where A* is the k-fold product A x --- x A. It is
understood that A = 1. The terms of A are translated to corresponding terms of A* in a
straightforward manner. For every axiom u = v of A there is a corresponding one in A%,

x1: Az, A lu=v:A
where x4, ..., x, are the variables occurring in v and v.

Example 2.1.4. The theory of a directed graph is a simply-typed theory with two basic
types, V for vertices and E for edges, and two basic constants, source src and target trg,

src:E—V, trg:E— V.

There are no equations.

Example 2.1.5. The theory of a simplicial set is a simply-typed theory with one basic
type X,, for each natural number n, and the following basic constants, also for each n, and
each 0 <37 <n:

di : Xpp1 — Xn Si t Xp = Xng1 -

The equations are the usual simplicial identities, which are as follows, for all natural
numbers i, j:
didj == djfldi, lf’l < j,
sisj = sj118;, if 1 <,
ijldh if i < j,
diS]’: Id, le:jOTZ:]+1,
s;d;—1, ife>j5+1.
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Example 2.1.6. An example of a A-theory found in the theory of programming languages
is the mini-programming language PCF. It is a theory in simply-typed A-calculus with a
basic type nat for natural numbers, and a basic type bool of Boolean values,

Basic types B:=nat type | bool type.

There are basic constants zero 0, successor succ, the Boolean constants true and false,
comparison with zero iszero, and for each type A the conditional cond, and the fizpoint
operator fix,. They have the following types:

0 : nat
succ : nat — nat
true : bool
false : bool
iszero : nat — bool
condy :bool - A — A
fixg:(A—A) > A

The equational axioms of PCF are:

- | iszero 0 = true : bool
x :nat | iszero (succx) = false : bool
u:Ajt: A|condgtrueut=u:A
u:At:A|condyfalseut=1t:A
t:A— A|fixgt=1t(fixst): A

Example 2.1.7 (D.S. Scott). Another example of a A-theory is the theory of a reflexive
type. This theory has one basic type D and two constants

r:D—D—D s:(D—D)—D

satisfying the equation
f:D—=D|r(sf)=f:D—D (2.1)

which says that s is a section and r is a retraction, so that the function type D — D is a
subspace (even a retract) of D. A type with this property is said to be reflezive. We may
additionally stipulate the axiom

z:D|s(rx)=2:D (2.2)

which implies that D is isomorphic to D — D.
A reflexive type can be used to interpret the untyped A-calculus into the typed A-
calculus.
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Untyped M-calculus

We briefly describe the untyped A-calculus. 1t is a theory whose terms are generated by
the following grammar:
tu=v|tity| At .
In words, a variable is a term, an application tt’' is a term, for any terms ¢ and ¢/, and a
A-abstraction A\z.t is a term, for any term ¢. Variable x is bound in \z.t. A contezt is a
list of distinct variables,
T1yeooy Ty

We say that a term ¢ is valid in context I' if the free variables of ¢ are listed in I'. The
judgment that two terms u and ¢ are equal is written as

F'fu=t,

where it is assumed that « and ¢ are both valid in I'. The context I' is not really necessary
but we include it because it is always good practice to list the free variables.
The rules of equality are as follows:

1. Equality is an equivalence relation:

I't=u Flt=u T|u=v
Ct=t Dlu=t ['|t=wv
2. The weakening rule:
'u=t
Lo |u=t

3. Equations for application and A-abstraction:

['|s=t Flu=w Lz |t=u
I'|su=tv I'| Ax.t = Az.u
T|t=t
-rul
LAz (tx) =t (1r-rule)

T (v t)u = tlu/a] (B-rule)

where again the substitution ¢[u/z] is defined as usual (see the Appendix).

The untyped A-calculus can be translated into the theory of a reflexive type from Exam-
ple An untyped context I is translated to a typed context I'* by typing each variable
in [' with the reflexive type D, i.e., a context w1, ...,z is translated to x; : D,...,xy : D.
An untyped term ¢ is translated to a typed term t* as follows:

=z if x is a variable ,
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For example, the term Az. (z x) translates to s (Az : D.((rx)z)). A judgment
Fu=t (2.3)

is translated to the judgment
*|u"=t":D. (2.4)

Exercise* 2.1.8. (counts as two!) Prove that if equation (2.3)) is provable then equa-
tion (2.4) is provable as well. Identify precisely at which point in your proof you need to

use equations (2.1) and (2.2). Does provability of (2.4]) imply provability of (2.3])?

2.2 Cartesian closed categories

We next review of the theory of cartesian closed categories, which will form the basis for
the semantics of simple type theory.

Exponentials

We begin with the notion of an exponential B4 of two objects A, B in a category, motivated
by a couple of important examples. Consider first the category Pos of posets and monotone
functions. For posets P and @) the set Hom(P, @Q)) of all monotone functions between them
is again a poset, with the pointwise order:

f<g <= fx<gr forallzeP. (f,g: P—Q)

Thus, when equipped with a suitable order, the set Hom(P, ()) becomes an object of Pos.
Similarly, given monoids K, M € Mon, there is a natural monoid structure on the set
Hom(K, M), defined pointwise by

(f-g)x=fx-gx. (f,g: K - M, zeK)

Thus the category Mon also admits such “internal Homs”. The same thing works in the
category Group of groups and group homomophisms, where the set Hom(G, H) of all ho-
momorphisms between groups G and H can be given a pointwise group structure.

These examples suggest a general notion of an “internal Hom” in a category: an “object
of morphisms A — B” which corresponds to the hom-set Hom(A, B). The other ingredient
needed for cartesian closure is an “evaluation” operation eval : B4 x A — B which evaluates
a morphism f € B4 at an argument a € A to give a value eval o (f,a) = f(a) € B. This
is always going to be present as an operation on underlying sets, if we're starting from
a set of functions Hom(A, B) between structured sets A and B, but even in that case it
also needs to be an actual morphism in the category. Finally, we need an operation of
“transposition”, taking a morphism f : C'x A — B to one f : C — AP. We shall see that
this in fact separates the previous two examples.
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Definition 2.2.1. In a category C with binary products, an ezponential (B*, €) of objects A
and B is an object B4 together with a morphism € : B4 x A — B, called the evaluation
morphism, such that for every f : C' x A — B there exists a unique morphism f : C' — B4,
called the transposdl] of f, for which the following diagram commutes.

BA BAx A

B

C Cx A

Commutativity of the diagram of course means that e o (J? X 1y)=f.

Definition [2.2.1]is called the universal property of the exponential. It is just the category-
theoretic way of saying that a function f : C'x A — B of two variables can be viewed as a
function f : C'— B of one variable that maps z € C' to a function fz = f(z,-):A— B
that maps x € A to f(z,z). The relationship between f and f is then the expected one:

(f2)e = f(z7) .

That is all there is to it, except that by making the evaluation explicit, variables and
elements never need to be mentioned! The benefit of this is that the definition makes sense
also in categories whose objects are not sets, and whose morphisms are not functions—even
though some of the basic examples are of that sort.

In Pos the exponential QF of posets P and @ is the set of all monotone maps P — Q,
ordered pointwise, as above. The evaluation map € : QF x P — @ is just the usual
evaluation of a function at an argument, which is easily seen to be monotone. The transpose
of a monotone map f: R x P — @Q is the map f : R — QF, defined by, (fz)x = f(z,z),
i.e. the transposed function, which is also easily seen to be monotone. We say that the
category Pos has all exponentials.

Definition 2.2.2. Suppose C has all finite products. An object A € C is exponentiable
when the exponential B4 exists for every B € C (including an associated evaluation map
€: BAx A — B). We say that C has exponentials if every object is exponentiable. A
cartesian closed category (ccc) is a category that has all finite products and exponentials.

Example 2.2.3. Consider again the example of the set Hom(M, N) of homomorphisms
between two monoids M, N, equipped with the pointwise monoid structure. Let 1 = {u}
be the terminal monoid, having only a unit element . To be a monoid homomorphism,
the transpose h : 1 — Hom(M, N) of a homomorphism h : 1 x M — N would have to
take the unit element v € 1 to the unit homomorphism « : M — N, which is the constant
function at the unit v € N. Since 1 x M = M, that would mean that all homomorphisms
h : M — N would have the same transpose, namely h = u : 1 — Hom(M, N). So Mon
cannot be cartesian closed. The same argument works in the category Group, and in many
related ones.

' Also, f is called the transpose of f, so that f and fare each other’s transpose.
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Exercise 2.2.4. Recall that monoids and groups can be regarded as (1-object) categories,
and then their homomorphisms are just functors. Thus we have full subcategories,

Group — Mon < Cat.

Is the category Cat of all (small) categories and functors cartesian closed? What about the
subcategory of all groupoids,
Grpd — Cat,

defined as those categories in which every arrow is an iso?

Two characterizations of CCCs

Proposition 2.2.5. In a category C with binary products an object A is exponentiable if,
and only if, the functor
—xA:C—=C

has a right adjoint
—4.c=C.

Proof. If such a right adjoint exists then the exponential of A and B is (B#,ep), where
ep 1 BY x A — A is the counit of the adjunction at B. Indeed, the universal property of
the exponential is just the universal property of the counit € : (=) = 1¢ .

Conversely, suppose for every B there is an exponential (B#,ep). As the object part
of the right adjoint we then take B#. For the morphism part, given g : B — C, we can
define g4 : B4 — C4 to be the transpose of g o ep,

gA = (9 © EB)N
as indicated below.
BAxA—L . (2.5)
g x 14 g
CAx A C
€c

The counit € : —* x A — 1¢ at B is then ep itself, and the naturality square for € is then
exactly (2.5)), i.e. the defining property of (f o ep)™:

eco(gA x1g)=¢€co((goep)” x1y)=goep.
The universal property of the counit € is precisely the universal property of the exponential

(BAveB) ]

Note that because exponentials can be expressed as adjoints, they are determined
uniquely up to isomorphism. Moreover, the definition of a cartesian closed category can
then be phrased entirely in terms of adjoint functors: we just need to require the existence
of the terminal object, binary products, and exponentials.
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Proposition 2.2.6. A category C is cartesian closed if, and only if, the following functors
all have right adjoints:

!CIC—>17
A:C—=CxC,
(—xA):C—C. (AeC)

Here ¢ is the unique functor from C to the terminal category 1 and A is the diagonal
functor AA = (A, A), and the right adjoint of — X A is exponentiation by A.

[

Exercise 2.2.7. Show that being cartesian closed is a categorical property, in the sense
that it respects equivalence of categories: if C is cartesian closed and C ~ D then D is also
cartesian closed.

Another consequence of the adjoint formulation is that it implies the possibility of a
purely equational specification (adjoint structure on a category is “algebraic”, in a sense
that can be made precise; see [?]). It follows that there is a equational formulation of the
definition of a cartesian closed category.

Proposition 2.2.8 (Equational version of CCC). A category C is cartesian closed if, and
only if, it has the following structure:

1. An object 1 € C and a morphism !4 : A — 1 for every A € C.

2. An object A x B for all A,B € C together with morphisms m : A x B — A and
m : A X B — B, and for every pair of morphisms f : C — A, g : C — B a
morphism (f,g) : C — A x B.

3. An object @A for all A,B € C together with a morphism ¢ : BA x A — B, and a
morphism f : C — B4 for every morphism f: C x A — B.

These new objects and morphisms are required to satisfy the following equations:

1. For every f: A—1,

f=1a.
2. Forall f:C— A, g:C—B,h:C—AxB,
molf,g) =1, mo(f,g) =g, (myoh,mgoh) =h.
3. Forallf:CxA—=B,qg:C— B4,
co(fx1a)=1, (eo(gx14))”=g.

where fore: E — E' and f : F — F" we define
ex f:=(em, fm): EXF — FE x F'
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These equations ensure that certain diagrams commute and that the morphisms that are

required to exist are unique. For example, let us prove that (A X B,my,ms) is the product
of A and B. For f:C — A and g : C — B we have the morphism (f,g) : C — A x B.
The equations

mo(f.g)=f and mo(f.g)=g

enforce the commutativity of the two triangles in the following diagram:

C

Suppose h : C' — A x B s another morphism such that f = m oh and g = w0 h. Then
by the third equation for products we get

h = <7T10h77T20h> = <f7g>7
and so (f,g) is unique.

Exercise 2.2.9. Use the equational characterization of CCCs, Proposition [2.2.8] to show
that the category Pos of posets and monotone functions is cartesian closed, as claimed.
Also verify that that Mon is not. Which parts of the definition fail in Mon?

Exercise 2.2.10. Use the equational characterization of CCCs, Proposition to show
that the product category Il;c;C; of any (set-indexed) family (C;);cr of cartesian closed
categories C; is cartesian closed. Is the same true for an arbitrary limit in Cat?

Some proper CCCs

As we have seen 77, a cartesian closed poset is a A-semilattice with exponentials p = ¢, such
as a Heyting algebra, or a syntactic category arising from a positive propositional calculus.
We next review some important examples of non-poset cartesian closed categories, most
of which should be familiar.

Example 2.2.11. The first example is the category Set. We already know that the ter-
minal object is a singleton set and that binary products are cartesian products. The
exponential of X and Y in Set is just the set of all functions from X to Y,

YX:{fQXXY“v’x:X.ﬂ!y:Y.(x,y)Ef}.

The evaluation morphism eval : YX x X — Y is the usual evaluation of a function at an
argument, i.e., eval(f, ) is the unique y € Y for which (z,y) € f.
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Example 2.2.12. The category Cat of all small categories is cartesian closed. The expo-
nential of small categories C and D is the category DC of functors, with natural transfor-
mations as arrows (see ??). Note that if D is a groupoid (all arrows are isos), then so is D¢.
It follows that the category of groupoids is full (even as a 2-category) in Cat. Since limits
of groupoids in Cat are also groupoids, the inclusion of the full subcategory Grpd — Cat
preserves limits. It also preserves the CCC structure.

Example 2.2.13. The same reasoning as in the previous example shows that the full
subcategory Pos < Cat of all small posets and monotone maps is also cartesian closed,
and the (limit preserving) inclusion Pos < Cat also preserves exponentials. Note that the
(non-full) forgetful functor U : Pos — Set does not, and that U(QF) C (UQ)YF is in
general a proper subset.

Exercise 2.2.14. Show that there is a full and faithful functor D : Set — Poset that
preserves finite limits as well as exponentials. Note the similarity to the example Grpd —

Cat.
The foregoing examples are instances of the following general situation.

Proposition 2.2.15. Let £ be a CCC and i : S — & a full subcategory with finite products
and a left adjoint reflection L : £ — S preserving finite products. Suppose moreover that for
any two objects A, B in S, the exponential iB™ is again in S. Then S has all exponentials,
and these are preserved by .

Proof. By assumption, we have L - ¢ with isomorphic counit LiS = S for all S € S.
Let us identify & with the subcategory of £ that is its image under ¢ : § — £. The
assumption that B4 is again in S for all A, B € S, along with the fullness of S in &, gives
the exponentials, and the closure of & under finite products in £ ensures that the required
transposes will also be in S.

Alternately, for any A, B € S set B4 = L(iB*). Then for any C' € S, we have natural
isos:

I

S(C x A, B) E((C x A),iB)

(
(1C x 1A,iB)

12
™

12

I

|
195)
Q
&
%
=

= S

where in the fifth line we used the assumption that i B4 is again in S, in the form iB* = i E
for some E € S, which is then necessarily L(iB*) = LiE = E. O

A related general situation that covers some (but not all) of the above examples is this:
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Proposition 2.2.16. Let £ be a CCC and i : S — & a full subcategory with finite products
and a right adjoint reflection R : € — S. If 1 preserves finite products, then S also has all
exponentials, and these are computed first in £, and then reflected by R into S.

Proof. For any A, B € S set B* = R(iB*) as described. Now for any C' € S, we have
natural isos:

1%

S(Cx A,B) = £(i(C x A),iB)

(
£(iC x iA,iB)

I

1
@
aQ a
T =
B
3
=

]

An example of the foregoing is the inclusion of the opens into the powerset of points of
a space X,
O0X —PX

This frame homomorphism is the inverse image of the one associated to the map |X| — X
of locales (or in this case, spaces), from the discrete space on the set of points of X.

Exercise 2.2.17. Which of the foregoing examples follows from which of the previous two
propositions?

Example 2.2.18. For any set X, the slice category Set/ y is cartesian closed. The product
of f:A— X and g: B — X is the pullback A xx B — X, which can be constructed as
the set of pairs

Axx B— X ={{(a,b) | fa=gb}.

The exponential, however, is not simply the set
{h:A>B|f=goh},
(what would the projection to X be?), but rather the set of all pairs
{(e,h: A, — B,) |z € X, f=goh},
where A, = f~'{x} and B, = g *{x}, with the evident projection to X.

Exercise 2.2.19. Prove that Set/x is always cartesian closed. (Hint: Use the fact that
Set/x ~ Set®, and the category of CCCs is closed under products of the underlying
categories.)

Lest it be thought that the foregoing example is typical, and every slice of a CCC is
again a CCC, one can consider the counterexample of Pos. By an argument like that in
[Pal03] for the catesian closed category Grpd of groupoids, the slice categories of Pos need
not be cartesian closed.
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Exercise 2.2.20. Check that the example given in [Pal03] also works (mutatis mutandis)
for Pos to show that Pos/x is not always cartesian closed.

Example 2.2.21. A presheaf category C is cartesian closed, provided the index category
C is small. To see what the exponential of presheaves P and () ought to be, we can use
the Yoneda lemma. If QF exists, then by Yoneda and the adjunction (— x P) - (=7), we
would have, for all ¢ € C,

Q" (¢) = Nat(ye, Q") = Nat(ye x P,Q) |
Because C is small Nat(yc x P, Q) is a set, so we can define Q¥ to be the presheaf

Q" (c) = Nat(ye x P,Q) .
(This is indeed contravariant in ¢ !) The evaluation morphism E : Q¥ x P — @Q is the
natural transformation whose component at c is
E. : Nat(yc x P,Q) x Pc — Qc,
E.: (n,x) = n.(1l. ) .
The transpose of a natural transformation ¢ : R x P — @ is the natural transformation

¢ : R — QF whose component at ¢ is the function that maps z € Rec to the natural
transformation ¢.z : yc x P — (), whose component at b € C is

(¢e2) : C(b,c) x Pb— Qb ,

(6e2)s : (f,9) = Su{(Rf)z,9) -
Exercise 2.2.22. Verify that the above definition of Q¥ really gives an exponential of
presheaves P and Q).

It follows immediately that the category of graphs Graph is cartesian closed, because it
is the presheaf category Set = . The same is of course true for the “category of functions”,
i.e. the arrow category Set™, as well as the category of simplicial sets Set®” from topology.

Exercise 2.2.23. This exercise is for those with some background in linear algebra. Let
Vec be the category of real vector spaces and linear maps between them. Given vector
spaces X and Y, the linear maps £(X,Y") between them form a vector space. So define
L(X,—) : Vec — Vec to be the functor which maps a vector space Y to the vector space
L(X,Y), and it maps a linear map f : Y — Z to the linear map L£(X, f) : L(X,Y) —
L(X,Z) defined by h — foh. Show that £(X, —) has a left adjoint —® X, but also show
that this adjoint is not the binary product in Vec.

Later in this chapter, we will meet some further examples of CCCs with a more topo-
logical flavor:

e Etale spaces over a base space X. This category can be described as consisting of
local homeomorphisms f : Y — X and commutative triangles over X between such
maps. It is equivalent to the category Sh(X) of sheaves on X (Section [2.8)).

e Sheaves for the “+-topology” on a small category C with (stable) sums A + B.
e Dana Scott’s category Equ of equilogical spaces (Section [2.8).
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2.3 Interpretation of the A-calculus in a CCC

We now consider semantic aspects of the A-calculus and A-theories. Suppose T is a A-
theory and C is a cartesian closed category. An interpretation [—] of T in C is given by
the following data:

e For every basic type B in T an object [B] € C. The interpretation is extended to all
types by

[1]=1, [A x B] = [A] x [B], [A — B] = [B]W .
(For this purpose, we assume that a CCC structure on C has been chosen.)
e For every basic constant c of type C, a morphism [c] : 1 — [C].
The interpretation is then extended to all terms in context as follows.
e A context ' =z : Ay,---,x, : A, is interpreted as the object
[Ad] x - < [An]
and the empty context is interpreted as the terminal object,

[1=1.

e A typing judgment
[t A

will be interpreted as a morphism

[T ]¢:A]: 0] — [A].

The interpretation is defined inductively by the following rules:

e The ¢-th variable is interpreted as the ¢-th projection,

[xo: Aoy .oyt Ap |zt A] = [T] = [Ad] -

e A basic constant ¢ : C in context I' is interpreted as the composition

[c] 4]

e The interpretation of projections and pairs is as follows:

[T (t,uy: Ax Bl ={([T|t:A],[T |w:B]):[I]— [4] x [B]
[T fstt: Aj=mo[l'|t: Ax B]:[I'] — [4]
[T'| sndt: Al =mo[['|t: Ax B]:[I'] = [B] .
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e The interpretation of application and A-abstraction is as follows:

[C)tu:B]l=eo([l'|t: A— B],[T|u:A]):[I]— [B]
[C|Xz:A.t: A= B]=([T,z:A|t:B])~:[I]— [B]Y

where € : [A — B] x [A] — [B] is the evaluation morphism for [B]*! and
([Cyz:Alt: B])~
is the transpose of the morphism

[D,z: A|t:B]:[I] x [A] — [B] .

Definition 2.3.1. An interpretation of a A-theory T is a model of T if it satisfies all the
axioms of T, in the sense that for every axiom I' | u = v : A of T, the interpretations of u
and v coincide as arrows in C,

[C|u:A]=[T|v:A]:[I] — [A].

It follows that all equations that are provable in T are also satisfied in any model, by
the following basic fact.

Proposition 2.3.2 (Soundness). If T is a A-theory and [—] is a model of T in a cartesian
closed category C, then for every equation in context I' | s =t : C that is provable from the

axioms of T, we have
[T]s:Cl=[T|t:C]:[]—[C]-

Briefly, for all T-models [—],
TET|s=t:C) implies [-]ET|s=t:C).

The proof is a straightforward induction, first on the typing judgements for the inter-
pretation, and then on the equational rules for the equations. If we stop after the first
step, we can consider just the following notion of inhabitation.

Remark 2.3.3 (Inhabitation). There is another notion of “provability” for the A-calculus,
related to the Curry-Howard correspondence of section[1.3] relating A-calculus to the proof
theory of propositional logic. If we regard types as “propositions” rather than generalized
algebraic structures, and terms as “proofs” rather than operations in such structures, then
it is more natural to ask whether there even is a term a : A of some type, than whether
two terms of the same type are equal s = ¢ : A. Of course, this only makes sense when
A is considered in the empty context - - A, rather than I' = A for non-empty I' (consider
the case where I' = x : A,...). We say that a type A is inhabited (by a closed term) when
there is some - a : A, and regard an inhabited type A as one that is provable. There is
then a different notion of soundness related to this notion of provability.
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Proposition 2.3.4 (Inhabitation soundness). If T is a A-theory and [—] a model of T in
a cartesian closed category C, then for every type A that is inhabited in T, there is a point

1 — [A] in C. Thus for all T-models [—],
Fa:A implies there is a point 1 — [A].

This follows immediately from the fact that [-] = 1 for the empty context; for then the
interpretation of any  a : A is the point

[a] : 1 —[4].

Example 2.3.5. 1. A model of an algebraic theory A (extended to a A-theory A* as in
Example [2.1.3) when taken in a CCC C, is just a model of the algebraic theory A in
the underlying finite product category |C|x of C. An important difference, however,
is that in defining the category of models

MOde<A, |C|><)

we can take all homomorphisms of models of A as arrows, while the arrows in the
category
Mod,(A*,C)

of A-models are best taken to be isomorphisms, for which one has an obvious way to
deal with the contravariance of the function type [A — B] = [B]l4! (this is discussed
in more detail in the next section).

A point to note is that such a model is entirely determined by the interpretation of
the basic types and terms — i.e. the algebra — and the rest of the interpretation is
“standard” in the sense that [A — B] = [B]I). So in particular, our models are not
the “Henkin models” that one sometimes sees in the literature.

2. A model of the theory of a reflexive type, Example in Set must be the one-
element set 1 = {x} (prove this!). Fortunately, the exponentials in categories of
presheaves are not computed pointwise; otherwise it would follow that this theory
has no non-trivial presheaf models at all! (And then, by Theorem , that the
theory itself is degenerate, in the sense that all equations are provable.) That there
are non-trivial models is an important fact in the semantics of programming languages
and the subject called domain theory (see [Sco80b]).

3. A (positive) propositional theory T may be regarded as a A-theory, and a model in
a cartesian closed poset P is then the same thing as before: an interpretation of the
atomic propositions py, ps, ... of T as elements [p1], [p2], ... € P, such that the axioms
&1, P2, ... of T are all sent to 1 € P by the extension of [—] to all formulas,

L=[p]=[¢2] =---€P.

Exercise 2.3.6. How are models of a (not necessarily propositional) A-theory T in Carte-
sian closed posets related to models in arbitrary Cartesian closed categories? (Hint: Con-
sider the inclusion CCPos < CCC. Does it have any adjoints?)
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2.4 Functorial semantics

In Chapter ?? we saw how an algebraic theory gives rise to a category with finite products,
and its algebras, or models, then correspond to functors preserving finite products on
the theory-category. We then arranged the traditional relationship between syntax and
semantics into a framework that we called functorial semantics. In Chapter 7?7, we did the
same for propositional logic. As a common generalization of both, the same framework of
functorial semantics can be applied to A-theories and their models in CCCs. The first step
is to build the classifying category Cr from a A-theory T. This is again constructed from
the theory itself as a “syntactic” category, as follows:

Definition 2.4.1. For any A-theory T, the syntactic category Cr is determined as follows.
e The objects of Cr are the types of T.
e Arrows A — B are terms in context (of length one):
[x:Alt: B],

where two such terms z : A | s : Band  : A | s’ : B are to represent the same
morphism when T proves x : A | s = s’ : B. Note that longer contexts are not
required, because we have product types A; x --- x A,,.

e Composition of the terms
[z:A|s:B]:A— B  and y:B|t:C]:B—C
is the term obtained by substituting s for y in t:
[x:Alt[s/y]:C]: A—C.
e The identity morphism on A is the term [z : A | z : A] (up to “a-renaming” of
variables).
Proposition 2.4.2. The syntactic category Cr built from a \-theory is cartesian closed.

Proof. We omit the equivalence classes brackets [z : A | ¢ : B] and simply treat equivalent
terms as equal.

e The terminal object is the unit type 1. For any type A the unique morphism !4 :
A — 1 is the term
r:Alx:1.

This morphism is indeed unique, because we always have the equation
C|t=x:1

is an axiom for the terms of unit type 1.
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e The product of objects A and B is the type A x B. The first and the second
projections are the terms

z:AXB|fstz: A, z:AX Bl|sndz:B.
Given morphisms
z:Cla: A, z2:C|b:B,

the term

z:C|{(a,b) : AX B
represents the unique morphism satisfying
z:C|fst{a,b)=0a:A, z:C|snd{a,b)=0b:B.
Indeed, if fstt = a and sndt = b for some ¢, then we have
t = (fstt,sndt) = (a,b) .
as required.
e The exponential of objects A and B is the type A — B with the evaluation morphism
u:(A— B)x Al (fstu)(sndu): B .
The transpose of a morphism w : C' x A |t : B is the term
z2:C | dx: A (t)(z,x)/w]) : A— B.
Showing that this is the transpose of ¢ requires showing, in context w : C' x A,
(Ax: A.(t[(fstw,z)/w]))(sndw) =t : B
Indeed, we have:
Az A (t[{(fstw,z)/w]))(sndw) = t[(fst w,sndw)/w| = t{w/w| =t

which is a valid chain of equations in A-calculus. The transpose is unique, because
any morphism z : C' | s : A — B that satisfies

(s[fstw/z])(sndw) =t
is equal to Az : A. (t[(z, x)/w]), because then
t[(z,z) /w| = (s[fst w/z])(sndw)[(z, z) /w]| =
(s[fst (z,x)/z])(snd (z,x)) = (s[z/z])z = sx .

Therefore,
Ar: AL (t[{z,z)/w])) =Xx : A.(sz) =5,

as claimed.

[DRAFT: May 10, 2025



50 Simple Type Theory

]

The syntactic category Cr allows us to replace a T-model [—] in a CCC C with a functor
M : Cr — C. More precisely, we have the following.

Lemma 2.4.3. A model [—] of a A-theory T in a cartesian closed category C determines
a cartesian closed functor M : Ct — C with

M(@B)=[B], M(c)=][c]:1—=[C]=M(C), (2.6)

for all basic types B and basic constants ¢ : C. Moreover, M is unique up to a unique
1somorphism of CCC' functors, in the sense that given another model N satisfying ,
there is a unique natural iso M = N, determined inductively by the comparison maps
M(1) = N(1),

M(AxB) & MAxMB = NAxNB = N(Ax B),
and similarly for M(B%).

Proof. Straightforward structural induction on types and terms with as the base case,
and using soundness, Proposition [2.3.2] for well-definedness on equivalence classes. Note
that the uniqueness up to natural isomorphism uses the fact that all of the morphisms of
Cr are given by terms. ]

We then also have the expected functorial semantics theorem:

Theorem 2.4.4. For any A-theory T, the syntactic category Cr classifies T-models, in the
sense that for any cartesian closed category C there is an equivalence of categories

Mod, (T,C) ~ CCC(Cr,C), (2.7)

naturally in C. The morphisms of T-models on the left are the isomorphisms of the under-
lying structures, and on the right we take the natural isomorphisms of CCC' functors.

Proof. The only thing remaining to show is that, given a model [—] in a CCC C and a
CCC functor f : C — D, there is an induced model [~]/ in D, given by the interpretation
[A]/ = f[A]. This is again straightforward, just as for algebraic theories. O

Remark 2.4.5. As mentioned in Example [2.3.5(1) the categories involved in the equiva-
lence are groupoids, in which every arrow is iso. The reason we have defined them as
such is that the contravariant argument A in the function type A — B prevents us from
specifying a non-iso homomorphism of models h : M — N by the obvious recursion on the
type structure.

In more detail, given hy : [A]M — [A]Y and hp : [B]M — [B]", there is no obvious
candidate for a map

hap:[A— B]M — [A — B]",
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when all we have are the following induced maps:

[A— B ——— ([B]")M" (o)1 (B
([B1")" ([B]")"
([B])H* T (B ——=—[A— B

One solution is therefore to take isos hy : [A]M = [A]Y and hgp : [B]™ = [B]" and then
use the inverses h ;' : [A]Y — [A] in the contravariant positions, in order to get things
to line up:

HA—)B]]M - ([[BHM)[[A]]M (hB)[[A]]M (B]]N)[[A]]M
([B]")" = =|([BIV)
B — e (B —=— 14 > B

This suffices to at least get a category of models Mod ,\(T, C), rather than just as set, which
is enough structure to determine the equivalence . Note that for an algebraic theory A,
this category of A-models in Set, say, Mody(A*) is still the (wide but non-full) subcategory
of isomorphisms of conventional (algebraic) A-models

Mod, (A) = Mod(A).
We shall consider other solutions to the problem of contravariance below.

We can now proceed just as we did in the case of algebraic theories and prove that the
semantics of A\-theories in cartesian closed categories is complete, in virtue of the syntactic
construction of the classifying category Cr. Specifically, a A-theory T has a canonical
interpretation [—] in the syntactic category Cr, which interprets a basic type A as itself, and
a basic constant ¢ of type A as the morphism [z : 1 | ¢ : A]. The canonical interpretation
is a model of T, also known as the syntactic model, in virtue of the definition of the
equivalence relation [—| on terms. In fact, it is a logically generic model of T, because by
the construction of Cr, for any terms I' | u: Aand I' | ¢ : A, we have

TH@ |u=t:4) < [[|u:Al=[|t:A]
e []ET|u=t:A.

For the record, we therefore have now shown:
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Proposition 2.4.6. For any A-theory T,
THT|t=u:A) if, and onlyif, [-] = (T |t=wu:A) for the syntactic model [—].

Of course, the syntactic model [—] is the one associated under to the identity
functor Cr — Cr, i.e. it is the universal one. It therefore satisfies an equation just in case
the equation holds in all models, by the classifying property of Cr, and the preservation of
satisfaction of equations by CCC functors (Proposition .

Corollary 2.4.7 (Completeness). For any A-theory T,
THET|t=u:A) i, andonlyif, M E=(I'|t=wu:A) for every CCC model M.

Moreover, a closed type A is inhabited = a : A if, and only if, there is a point 1 — [A]M
i every model M.

2.5 The internal language of a CCC

In the case of algebraic theories, we were able to recover the syntactic category from the
semantics by taking certain Set-valued functors on the category of models in Set. This
then extended to a duality between the category of all algebraic theories and that of all
“algebraic categories”, which we defined as the categories of Set-valued models of some
algebraic theory (and also characterized abstractly). In the (classical) propositional case,
this syntax-semantics duality was seen to be exactly the classical Stone duality between the
categories of Boolean algebras and of Stone topological spaces. That sort of duality theory
seems to be more difficult to formulate for A\-theories, however, now that we have taken the
category of models to be just a groupoid (but see Remark ??7). Nonetheless, there is still a
correspondence between A-theories and CCCs, which we get by organizing the former into
a category, which is then equivalent to that of the latter. But note that this is analogous to
the equivalence between algebraic theories, regarded syntactically, and regarded as finite
product categories—rather than to the duality between syntax and semantics.

In order to define the equivalence in question, we first need a suitable notion of mor-
phism of theories. A translation 7 : S — T of a A-theory S into a A-theory T is given by
the following data:

1. For each basic type A in S a type 7A in T. The translation is then extended to all
types by the rules

T1=1, T(AX B)=TAXTB, 7(A— B)=TA—1B.

2. For each basic constant ¢ of type C' in S a term 7¢ of type 7C' in T. The translation
of terms is then extended to all terms by the rules

T(fstt) = fst (7t) , 7(sndt) = snd (71) ,
7(t,u) = (1t, Tu) , T(A\x: A.t)=Xx:TA. Tt
T(tu) = (1t)(Tu) , Tx =x (if x is a variable) .
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A context I' =z, : Ay, ..., 2, : A, is translated by 7 to the context
Tl =x1:7TAy, ..., 2, : TA, .

Furthermore, a translation is required to preserve the axioms of S: if I' | £ = u : A is an
axiom of S then T proves 7I" | 7t = 7u : TA. It then follows that all equations proved by S
are translated to valid equations in T.

A moment’s consideration shows that a translation 7 : S — T is the same thing as a
model of S in Cr, despite being specified entirely syntactically. More precisely, A-theories
and translations between them clearly form a category: translations compose as functions,
therefore composition is associative. The identity translation ¢y : T — T translates every
type to itself and every constant to itself.

Definition 2.5.1. Let AThr be the category whose objects are A-theories and morphisms
are translations between them.

In this way, we obtain an isomorphism of sets,
HomAThr(S, T) = MOd)\<§, C’]r) s (28)

which is not only natural in T, but also in the theory S, as can be seen by considering the
canonical interpretation of S in Cs induced by the identity translation s : S — S. We can
enrich this to an isomorphism of groupoids by defining syntactic isomorphisms between
translations in Hom1,,(S, T) in a fairly obvious way so that they correspond bijectively to
S-model homomorphisms in Mod, (S, Cr), which in turn correspond to natural isomorphisms

between CCC functors in Homccc(Cs, Cr), by Theorem m
HOm)\Thr<S, T) = MOd)\(S,CT) ~ Homccc<C§,CT) .

The equivalence Homyry (S, T) ~ Homccc(Cs, Cr) suggests that the functor C_y : AThr —
CCC participates in an equivalence of categories,

AThr ~ CCC,

between A-theories and cartesian closed categories.
Indeed, let C be a small cartesian closed category. There is a A-theory IL(C) correspond-
ing to C, called the internal language of C, and defined as follows:

1. For every object A € C there is a basic type "A™.

2. For every morphism f : A — B there is a basic constant " f' whose type is "A7 —
"B

3. For every A € C there is an axiom

z:TAT| Tl e=2:TAT.
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4. For all morphisms f: A— B, g: B— C,and h: A — C such that h = g o f, there
is an axiom
l’:I_A—|||—h—|.’L':'_g—l(,_f—ll'):I_C—l.

5. There is a constant
T:1—>"17,
and for all A, B € C there are constants
Pap:"A'X"™BT—TAXx BT, Esp: (TAT—T"B7) — TBA7,
They satisfy the following axioms:
u:"17 | T =wu:"1"
2:TAX BT | Pap("m 'z, m ) =2:TAXx B™
w:TATX "B ("m (Papw), " m (Papw)) =w:"ATx "B™
f:TBA7] Eap(Ax :TA7. ("eva g (Pag(f.x)))) = f: rBAT
f:TAT=TBV [ Ax:"TA" . ("eva s (Pap((Eanf) x))=f:TAT—"B™

The purpose of the constants T, P4 p, E4p, and the axioms for them is to ensure the
isomorphisms "17 21, TAx BT TA"x "B7, and "BA7 =" A7 - "B7. Types A and B
are said to be isomorphic if there are terms

x:Al|t:B, y:Blu:A,
such that S proves
r:Aluft/yl=x: A, y:B|tlu/z]=y:B.
Furthermore, an equivalence of theories S and T is a pair of translations

T

S T

~_
o

such that, for any type A in S and any type B in T,
o(TA) = A, T(cB) = B.
The assignment C — LL(C) extends to a functor

L:CCC— AThr

where CCC is the category of small cartesian closed categories and functors between them
that preserve finite products and exponentials. Such functors are also called cartesian
closed functors or ccc functors. If F': C — D is a cartesian closed functor then L(F) :
L(C) — LL(D) is the translation given by:
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1. A basic type " A7 is translated to " FA™.
2. A basic constant " f is translated to "F f .

3. The basic constants T, P4 p and E4 p are translated to T, Pr4 pa and Ep4 pp, respec-
tively.

We now have a functor . : CCC — AThr. How about the other direction? We al-
ready have the construction of the syntactic category, which maps a A-theory S to a small
cartesian closed category Cs. This extends to a functor

C: AThr — CCC,

because a translation 7 : S — T induces a functor C, : Cs — Cr in an obvious way: a basic
type A € Cs is mapped to the object TA € Cr, and a basic constant z : 1 | ¢ : A is mapped
to the morphism x : 1 | 7¢ : A. The rest of C, is defined inductively on the structure of
types and terms.

Theorem 2.5.2. The functors . : CCC — AThr and C : AThr — CCC constitute an
equivalence of categories “up to equivalence” (a biequivalence of 2-categories). This means
that for any C € CCC there is an equivalence of categories

C~ C]L(C) ,
and for any S € AThr there is an equivalence of theories

Proof. For a small cartesian closed category C, consider the functor ne : C — Crc), defined
for an object A€ Cand f: A— BinC by

neA="A7, nef = (x:"AT|"fx:"BT).
To see that 7 is a functor, observe that L(C) proves, for all A € C,
z:TAT| Tl e =2:TA”
and forall f: A— Bandg: B — C,
2 TA [ Tgo fla="g(Tfx): T,

To see that ne is an equivalence of categories, it suffices to show that for every object
X € Cyc) there exists an object §c X € C such that ne(6:X) = X. The choice map 0¢ is
defined inductively by

el =1, 0c"AT=A,
Oc(Y x Z) = 0cX x 0cY 0c(Y = Z) = (0c2)%" .
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We skip the verification that ne¢(6:X) = X. In fact, fc can be extended to a functor
Qc : C]L(C) — C so that GC o MNe =1 and Tic © GC = 1C]L(C)'
Given a A-theory S, we define a translation 75 : S — L(Cs). For a basic type A let

TSA =TAT.
The translation 7sc of a basic constant ¢ of type A is
se="x:1l|c:TsAT.

In the other direction we define a translaton og : L(Cs) — S as follows. If "A™ is a basic
type in L(Cs) then
gs FAT=A 5

and if "z : A|t: B is a basic constant of type "A7 — "B then
os"x:Alt:B7=Xx:A.t.
The basic constants T, P4 g and E4 p are translated by og into

osT=Xx:1.x,
osPap=p:AxXB.p,
UsEA7B:)\fZA—>B.f.
If Ais a typein S then og(rsA) = A. For the other direction, we would like to show, for

any type X in L(Cs), that 75(csX) = X. We prove this by induction on the structure of
type X:

1. If X =1 then 75(0s1) = 1.

2. If X =T A7is a basic type then A is a type in S. We proceed by induction on the
structure of A:

(a) If A = 1 then 75(0s"17") = 1. The types 1 and "17 are isomorphic via the
constant T:1 — "1
(b) If A is a basic type then 75(os" A7) =A™

(¢) If A= B x C then 15(0s" B x C") ="B7 x "C". But we know "B x "C™" &
"B x C' via the constant P4 p.

(d) The case A= B — (' is similar.

3. If X =Y x Z then 75(0s(Y x Z)) = 15(0sY) x 7s5(0sZ). By induction hypothesis,
Ts(osY) =Y and 15(0sZ) = Z, from which we easily obtain

1s(0sY) X 15(0sZ) 2 Y X Z .
4. The case X =Y — Z is similar.

[DRAFT: May 10, 2025



2.5 The internal language of a CCC 57

]

Composing the isomorphism [2.8 with the equivalence 2.7 we can formulate the foregoing
Theorem as an adjoint equivalence.

Corollary 2.5.3. There is a biequivalence between the categories XThr of A-theories and
translations between them (and isos thereof), and the category CCC of cartesian closed
categories and CCC' functors (and natural isos),

Hom)\Thr (T, LC) = MOCI)\ (T,C) s
~ Homccc (C’]r ,C) .

l

This is mediated by an adjunction,

L

CCC AThr

C
with C 4 1L, between the syntactic category functor C and the internal language functor L.

Exercise 2.5.4. In the proof of Theorem we defined, for each C € CCC, a functor
nc : C — Cre). Verify that this determines a natural transformation 7 : 1ccc = CoL
which is an equivalence of categories. What about the translation er : T — L(Cr)—is that
an isomorphism?

See the book |LS88] for another approach to the biequivalence of Corollary [2.5.3] which
turns it into an equivalence of categories by fixing the CCC structure and requiring it to
be preserved strictly.

Lawvere’s fixed point theorem

As an application of the internal language of a CCC, we can use the A-calculus to give a
neat proof of a fixed point theorem for CCCs due to Lawvere [Law69]. Andrej Bauer has
called Lawvere’s theorem the “quintessential diagonal argument” [Baub].

Theorem 2.5.5 (Lawvere). In any cartesian closed category, if a map e : A — B% is a
pointwise surjection, then every map f: B — B has a fixed point.

By “pointwise surjection” we mean a map that induces a surjection from points 1 — A to
points 1 — B4 by composition.

Proof. Given f : B — B, consider the map Az : A.f(ex)x : 1 — B4, Since e is pointwise
surjective, there is a point a : 1 — A such that ea = Az : A.f(ex)z. Thus

(ea)a = (A\z : A.f(ex)r)a = f(ea)a,

so (ea)a : 1 — B is a fixed point of f: B — B. O
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Among the consequences of this theorem, as stated in [Law69], are: Cantor’s theorem
(Corollary 1.2); Godel’s incompleteness theorem (Theorem 3.3); and Tarski’s indefinability
of truth (Theorem 3.2). These are all derived from the contrapositive form of Lawvere’s
fixed point theorem [2.5.5 if a certain object B has an endomap with no fixed points,
then for no A can there be a pointwise surjection A — B4. To infer Cantor’s theorem, for
instance: in Set the contrapositive form of Theorem implies that there is no pointwise
surjection from a set A to its powerset PA = 24, because the “negation” map —: 2 — 2
has no fixed points. (The same argument works in any topos, see [Baual.)

Lawvere’s original version is a bit more general, but even in the present form it is clear
that Lawvere’s fixed point theorem is the essence of many familiar diagonal arguments.

2.6 Embedding theorems and completeness

We have considered the A-calculus as a common generalization of both propositional logic,
modeled by poset CCCs such as Boolean and Heyting algebras, and equational logic,
modeled by finite product categories. Accordingly, there are then two different notions
of “provability”, as discussed in Remark [2.3.3} namely, the derivability of a closed term
Fa: A, and the derivability of an equation between two (not necessarily closed) terms of
the same type I' - s =t : A. With respect to the semantics, there are then two different
corresponding notions of soundness and completeness: for “inhabitation” of types, and for
equality of terms. We consider special cases of these notions in more detail below.

Conservativity

With regard to the former notion, inhabitation, one can consider the question of how
it compares with simple provability in propositional logic: e.g. a positive propositional
formula ¢ in the variables pq, ps, ..., p, obviously determines a type ® in the corresponding
A-theory T(X;, Xy, ..., X,,) over n basic type symbols. What is the relationship between
provability in positive propositional logic, PPL - ¢, and inhabitation in the associated
A-theory, T(Xq, X, ..., X,,) F ¢ : ®7 Let us call this the question of conservativity of \-
calculus over PPL. According to the basic idea of the Curry-Howard correspondence from
Section [I.3] the A-calculus is essentially the “proof theory of PPL”. So one should expect
that starting from an inhabited type @, a derivation of a term T(X;, Xo,..., X,,) F ¢t : ®
should result in a corresponding proof of ¢ in PPL just by “rubbing out the proof terms”.
Conversely, given a provable formula F ¢, one should be able to annotate a proof of it in
PPL to obtain a derivation of a term T(X7, X5, ..., X,,) - ¢ : ® in the A-calculus (although
perhaps not the same term that one started with, if the proof was obtained from rubbing
out a term).

We can make this idea precise semantically as follows. Write |C| for the poset reflection
of a category C, that is, the left adjoint to the inclusion i : Pos < Cat, and let n : C — |C]|
be the unit of the adjunction.
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Lemma 2.6.1. If C is cartesian closed, then so is |C|, and n : C — |C| preserves the CCC
structure.

Proof. Exercise! ]
Exercise 2.6.2. Prove Lemma 2.6.1]

Corollary 2.6.3. The syntactic category PPC(p1, pa, ..., pn) of the positive propositional
calculus on n propositional variables is the poset reflection of the syntactic category Cr(x, x,,..
of the A\-theory T(X1, X, ..., X,,),

’CT(XLXQ,...,X”)| = PPC(plaPQa 7pn) .

Proof. We already know that Cr(x, x,,..x,) is the free cartesian closed category on n gener-
ating objects, and that PPC(p1, ps, ..., p,) is the free cartesian closed poset on n generating
elements. From the universal property of Cr(x, x,,...x,), we get a CCC map

Cr(x,,x5,..x,) — PPC(p1,p2, ..., pn)

taking generators to generators, and it extends along the quotient map to |Cr(x, x,,...x,)|
by the universal property of the poset reflection. Thus it suffices to show that the quotient
map preserves, and indeed creates, the CCC structure on |CT( X1,Xa,...,x,)|- But that follows
from Lemma 2.6.1] O

Remark 2.6.4. Corollary can be extended to other systems of type theory and logic,
with further operations such as CCCs with sums 0, A+ B (“bicartesian closed categories”),
and the full intuitionistic propositional calculus IPC with the logical operations L and pVgq.
We leave this as a topic for the interested student.

Completeness

As was the case for equational theories and propositional logic, the fact that there is
a generic model (Proposition allows the general completeness theorem stated in
Corollary to be specialized to various classes of special models, via embedding (or
“representation” ) theorems, this time for CCCs, rather than for finite product categories or
Boolean/Heyting algebras. We shall consider three such cases: “variable” models, Kripke
models, and topological models. In each case, an “embedding theorem” of the form:

Every CCC embeds into one of the special form X .
gives rise to a completeness theorem of the form:
For all A-theories T, if 1 — [A]™ in all T-models M in all X, then T F a : A,
and if [a]™ = [b]" : 1 — [A] in all T-models M in all X, then TFa="b: A.

This of course follows the same pattern that we saw for the simpler “proof relevant” case
of equational (i.e. finite product) theories, and the even simpler “proof irrelevant” case
of propositional logic, but now the proofs of some of the embedding theorems for CCCs
require more sophisticated methods.
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Variable models

By a vartable model of the A-calculus we mean one in a CCC of the form C= Set®™ | i.e.
presheaves on a (small) “index category” C. We regard such a model as “varying over C”,
just as we saw earlier that a presheaf of groups on e.g. the simplex category A may be seen
both as a simplicial group—a simplicial object in the category of groups—and as a group
object in the category Set®” of simplicial sets.

The basic embedding theorem that we shall use in specializing Proposition to
such variable models is the following, which is one of the fundamental facts of categorical
semantics.

Lemma 2.6.5. For any small cartesian closed category C, the Yoneda embedding
y : C — Set™
preserves the cartesian closed structure.

This is of course the “categorified” analogue of Lemma which we used for the
Kripke completeness of the positive propositional calculus PPC.

Proof. We can just evaluate yA(X) = C(X,A). It is clear that y1(X) = C(X,1) = 1
naturally in X, and that y(A x B)(X) = C(X,A x B) = C(X,A) x C(X,B) = (yA x
yB)(X) for all A, B, X, naturally in all three arguments. For B4 € C, we then have

y(BY)(X) = C(X,BY) = C(X x A, B) 2 C(y(X x A),yB) = C(yX x yA,yB),

since y is full and faithful and, as we just showed, preserves x. But now recall that the
exponential Q¥ of presheaves P, @ is defined at X by the specification

Q"(X) = CuX x PQ).
So, continuing where we left off, (/C\(yX x yA,yB) = yB¥4(X), and we're done. O

For an early version of the following theorem (and much more), see the nice paper
[Sco80b] by Dana Scott.

Theorem 2.6.6. For any A-theory T, we have the following:

(i) A type A is inhabited,
ThHa:A

if, and only if, for every a small category C, in every T-model [—] in presheaves @,
there is a point

1 —[4].
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(ii) For any terms T | s,t: A,
TH(T|s=t:A)

if, and only if,
[TEs:Al=[Ft:A]: ] — [4]

for every presheaf model.

Proof. We simply specialize the general completeness statement of Corollary[2.4.7to CCCs
of the form C using Lemma , together with the fact that the Yoneda embedding is
full (and therefore reflects inhabitation) and faithful (and therefore reflects satisfaction of
equations). O

Exercise 2.6.7. Show that not every presheaf topos Set®™ admits a CCC embedding into
a category of the form Set/X for a set X (you may assume the fact that the theory of a

reflexive type (Example [2.1.7)), is not trivial).

2.7 Kripke models

By a Kripke model of (a theory T in) the A-calculus, we mean a model [—] in the sense
of Definition in a presheaf CCC of the form Set® for a poset K, i.e. a variable
model in the sense of the previous section, where the domain of variation is just a poset,
rather than a proper category. As with Kirpke models of propositional logic, we can
regard such a model as varying through (branching) time, over a causally ordered state
space, or some other (partially-)ordered parameter space. Note that we use “covariant
presheaves”, i.e. functors K — Set, to model such variable sets, as is more customary in
Kripke semantics. By Theorem[2.4.4] such a model (K, [—]) is essentially the same thing as
a CCC functor M : Cp — Set™, taking values in “variable sets”. Regarding the A-calculus
as the proof theory of the propositional calculus via the Curry-Howard correspondence
(Section [1.3), it is perhaps not surprising that it should be (inhabitation) complete with
respect to such Kripke models, in light of Theorem [I.5.5] Completeness with respect to
equations between terms is entirely another matter, though; while true, the proof is far
from a simple generalization of other known results. It can be seen as a verification that
the usual notion of fn-equivalence is the “right” notion of equality for proofs.

Example 2.7.1 (Algebraic theories). Before considering such questions, however, let us
first spell out explicitly what such a Kripke model looks like for the simple example of a
theory T of an object with a distinguished element, and a commutative binary operation,

T = (B, u:B,*x:BxB—B, xxy=yx*x).

There is one basic type symbol B, a constant u : B, a binary operation symbol * : BXB — B,
and a single equation x,y : B|zxy =y *x : B.
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Let K be a poset with ordering relation j < k for j,k € K. Unwinding the general
definition for this special case, a Kripke model M of T over K then consists, first, of a
family of sets (M )kek, equipped with functions

myp : M; — My, (forall j <k e K),
satisfying the “compatibility conditions”:
My = Lag, Mk O My j = My (forall j <keK).

This is of course exactly a functor M : K — Set, as the interpretation M = [B] of the basic
type symbol B. Such a variable set M may be thought of as a “set that is changing through
time”, in that its elements m; € M; develop and change at different stages j < k € K.
Note that, while new elements may appear at later stages, and distinct elements may
become equal, once present, an element never vanishes, nor do elements ever split apart,

because the functions m;j : M; — M, are of course single-valued.
Next, for each k € K we have an element

Uy, - Mk7
and these should satisfy
myx(u;) = uy (foralli <j<keK).

That is to say, we have an element or “point” u: 1 — M of M as a “variable set” in Set”.
Finally, for all £ € K we need functions

Sk - Mk X Mk — Mk
satisfying
mik(si(z,y)) = sp(myr(z), min(y)) (forall j <k e K and z,y € M;).
This is of course just a natural transformation s : M x M — M, as the interpretation
s = [*] of the operation symbol % : B x B — B. The idea is that the x-product of two
elements changes along with those elements, which one sees more clearly by writing * for

s:
mk(Txy) = mye(x)kem;g(y) (forall j <k e K and z,y € M;).

In other word, it doesn’t matter “when” one takes the s-product.
Finally, the interpretation (M, u,s) = [B,u, *] should satisfy the equation x,y : B|x *
y =y * x : B, meaning that

sk(x,y) = sk(y, x) (for all k € K) .

This is because two natural transformations are equal just if all of their components are
equal. Thus, in sum, a Kripke model of this theory T is just a model of the underlying
algebraic theory in the functor category Set™, which is of course the same thing as a functor
from K to the usual category of T-models in Set,

Modr(Set™) = Modr(Set)” .
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Example 2.7.2 (Higher-order theories). A theory involving a “higher-order” operation,
such as the section s : (D — D) — D in (the theory of) a reflexive type (Example [2.1.7)
is no more “non-standard” than an algebraic one, once we recall how function types are
interpreted, namely not pointwise. Let D = [D] be the interpretation of the basic type D,
so that [D — D] = DP : K — Set is a presheaf exponential. At each k € K, we then have,

(DP)), = Set™ (D x K(k,—), D).

Now observe that this set is trivial except on the upset 1k, because K (k, j) is empty unless
k < j, so that Set’™ (D x K(k,j), D) = 1 except when j € Tk. On 1k, it consists of natural
transformations

Set™(D1k,D1k),
where D1k : 1Tk — Set is D restricted to the upset Tk C K, i.e. the composite

T K 25 Set.

Given any such natural transformation ¥ : D1tk — D71k, and any k£ < j, the action of
the functor,
(DP)y — (DP);

on ¢ is simply to restrict it further to 15 C Tk, thus taking ¥ to
U1j:D1j— D1j.

This is just the same function as ¢, but with the restricted domain of definition 15 C Tk.
Note that the effect of this restriction may be to identify elements ¢/, and that not every
element defined at j need be the restriction of one defined at k£ for j < k, so the transition
maps need be neither injective nor surjective.

The section s : (D — D) — D therefore takes, at each k € K, suchad: Dtk — D1k
to an element si(¢) € Dy, respecting the restrictions 15 C 1k in the sense that

d;w-sk(ﬁ) = 8](19/]\]) € Dj,

where dj, ; : Dy — D; is the action of the functor D : K — Set.

In this way, the presheaf exponential DP : K — Set is entirely determined by the “base-
case” D : K — Set, and is still a “full function space” at each k € K, but the functorial
action in k requires it to not be just D,’? * (which for a reflexive type would then be trivial
at all £ € K). Rather, it must take the entire segment 1 k into account—much in the
way that k IF ¢ = 1 was determined for Kripke models of the intuitionistic propositional
calculus IPC by considering all j > k. (Indeed, one can explicitly formulate the Kripke
semantics for simple type theory in the usual Kripke-forcing style k I+ a : A, ¢f. [AGH24]
and Section 77 below.)

The proof of the following completeness theorem relies on a deep result from topos
theory (for the proof of which, see [Joh03, §xy]|). We state it in the following form:
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Theorem 2.7.3 (Joyal-Tierney, [JT84]). For every Grothendieck topos & there is a localic
topos Sh(L) and a connected, locally connected geometric morphism ¢ : Sh(L) — £.

This theorem implies in particular that, for every small CCC C there is a poset K and
a fully faithful CCC functor C — Set’. From this, the completeness of Kripke semantics
then follows easily:

Theorem 2.7.4 (Kripke completeness for A-calculus). For any \-theory T:
(i) A type A is inhabited just if it has a point 1 — [A] in every Kripke model (K, [—]).

(i1) Two terms are provably equal, T = (I' | s =t : A), just if they are equal in every
Kripke model (K, [-]),
[s] = [¢] - [T] — [A].

In the following chapter, we shall see that this result holds as well for dependent type
theory with the 3, 11, and Eq type-formers. For the proof, see [AR11], as well as [AGH24].

Remark 2.7.5 (For readers familiar with topos theory). Let us see how to get from
Theorem to the fact used here, that for every small CCC C there is a poset K and a
fully faithful, CCC functor ¢ : € — Set’. First, compose the Yoneda embeddingy : C < C
with the inverse image ¢* : C < Sh(L) of the Joyal-Tierney cover, which is also fully faithful
and CCC. Then compose further with the inclusion i, : Sh(L) < Set™™ of sheaves into
presheaves, which is also fully faithful and CCC. So we can take K = L°P to get the desired
CCC embedding ¢ =i, oc* oy : C = Set™. See [Awo00), [ARI1] for more details.

2.8 Topological models

From presheaves to posets to spaces to sheaves.

Posets

Since the category Pos is cartesian closed, we can take models of A-theories there. Are
such poset models sufficient to test for provability? The answer depends in general on the
kinds of theories: Plotkin [Plo73] shows that for theories with one basic type, no basic
terms, and no equations, the models in the category Set with the base type interpreted as
a finite set are already sufficient. And Friedman [Eri75] showed that the single model with
one countably infinite base type is also sufficient. For theories with basic terms (but still
no equations), other results are known for the category Pos; see [Sim95] for a summary.

We shall show here that for arbitrary theories, with basic types, basic terms, and equa-
tions, there are enough models in the category dopFib of posets and discrete opfibrations,
provided these are taken relative to an arbitrary base poset K.

Definition 2.8.1. A discrete opfibration of posets is a monotone map 7 : P — K with the
property that, for every p € P and np < k € K, there is a unique p < ¢ € P with 7q = k.
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This “lifting property” can be equivalently reformulated as saying that every commu-
tative square as follows has a unique diagonal filler, where 2 = (0 < 1).

1 ﬂP (2.9)
0 T
2 K

Lemma 2.8.2. The (full!) subcategory of all such maps
dopFib/x < Pos/k
is equivalent to Set™. In particular, this category is therefore cartesian closed.

For the proof, one can consider the universal discrete opfibration (with small fibers)
u : Set® — Set in CAT, the category of large categories. A covariant presheaf P : K — Set
then fits into a pullback diagram

/ P_I Set
T U
K Set

with the category of elements 7 : [ P — K on the left, and indeed, every discrete opfi-
bration p : D — K arises in this way from an essentially unique P : K — Set, namely the
one with P(k) = p~'(k). Moreover, every pullback of a discrete fibration (such as u is a
discrete fibration, as is easily seen by considering lifting .

Exercise 2.8.3. Fill in the details of the proof just sketched that Set® ~ dopFib/x.

Exercise 2.8.4. Show that the inclusion dopFib/x < Pos/k is always full, as claimed in
Lemma [2.8.2

This provides another useful perspective on the functor category Set”. Indeed, one
can reformulate the Kripke semantics for simple type theory entirely in terms of discrete
opfibrations 7 : P — K in place of (covariant) presheaves P : K — Set. This will be
particularly useful when we consider the semantics of dependent type theory in the next
chapter.

Corollary 2.8.5. The categories dopFib/k are sufficient for A-theories: if an equation
['| s =t: A is not provable in T, then there is a T-model in discrete opfibrations over a
poset K in which the equation fails.
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The analogous statement regarding inhabitation of course also holds. The “fibrational”
point of view is pursued in [AR11], which also includes details of the dependently typed
case.

Exercise 2.8.6. Show that the category Set is not sufficient for arbitrary A-theories, with
basic types, terms and equations. Is Pos? (Hint: Give a Kripke counter-model of triviality
for reflexive domains.)

Sheaves

The category Pos of posets may be cartesian closed, but its slices Pos/p are in general
not so (by an argument similar to the one given in [Pal03]). By contrast, the (wide but
not full) subcategory dopFib of posets and discrete opfibrations is not cartesian closed
(proof!), whereas its slices dopFib/x ~ Set™ always are so. Something similar happens
with topological spaces: the category Top of all spaces and continuous maps is itself not
even cartesian closed (unlike Pos), nor are its slices, but there is a (wide but not full)
subcategory LocHom < Top the slices of which are always cartesian closed, even though
the total category LocHom itself is not. As in the case of dopFib, this is most easily seen
by showing that each slice LocHom/x is actually equivalent to a functor category known
to be cartesian closed, namely the category Sh(X) of sheaves on the space X.

A little topos theory: sheaves and local homeomorphisms.

Definition 2.8.7. A sheaf on a space X is a presheaf F': O(X)°® — Set that satisfies the
following “patching” condition: for every open cover U = |J,.; U; the canonical map

is an equalizer.

In words, given a family of elements f; : yU; — F' that “match” on the overlaps,

filo, = 1

U; :y(UiﬂUj) — F,

there is a unique “amalgamation” f : yU — F that restricts to the given family on the
cover, fly, = fi : yU; — F. For example, in the case of two open sets U,V this condition
says exactly that the following pushout diagram in O(X)

unv

1% (2.10)

vuv
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is taken by F' to a pullback in Set:

FUNV)

FV (2.11)

FU

F(UUYV)

A basic example of a sheaf is the presheaf Top(—, Z) : O(X)® — Set of continuous
functions into a fixed space Z, where the open sets U C X are regarded as subspaces and
therefore objects in Top. Indeed, given a family of continuous functions f; : U; — Z that
match on the intersections U; N U;, we can define an amalgamation f : U — Z by setting
f(z) = fi(z) for some i with x € U; (which exists since U = J,.; U;) and the specification
will be unique by the matching condition.

It is not difficult to prove the following fact directly from the elementary definition

287

Proposition 2.8.8. The full subcategory Sh(X) — Set®” s cartesian closed, with the
structure inherited from presheaves.

Exercise 2.8.9. Prove this by showing that Z¥ is a sheaf as soon as Z is a sheaf, by
analyzing the exponential as Z¥ (U) = Hom(yU x Y, 7).

There is an equivalent perspective on sheaves over X that is often useful, namely as
certain spaces over X via certain “generalized covering spaces” p : Y — X called local
homeomorphisms.

Definition 2.8.10. A continuous function p : Y — X is a local homeomorphism if for
every y € Y there is an open set y € U C Y such that (i) the image p(U) C X is open,
and (ii) the restriction p|y : U — p(U) is a homeomorphism.

Let LocHom < Top be the subcategory of spaces and local homeomorphisms, and
LocHom/ x the slice category. Thus amap f : (Y, p) — (Z, q) of local homeomorphisms over
X is a commutative triangle in Top with p : Y — X and ¢ : Z — X local homeomorphisms.

f

Y A

X

One can show that in fact every merely continuous map f : Y — Z making a commutative
triangle go f = p is also a local homeomorphism (exercise!), so that this definition is indeed
the slice category LocHom/y, the inclusion of which is full in Top/x.
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Given any space “over X” via a continuous map py : Y — X, we can define the presheaf
of local sections T'(Y') by

I'(Y)(U) = Top/x(U,Y) for U — X.

That is, we regard the open set U C X as a space over X via its inclusion U — X, and
consider all “local sections of Y over U”, i.e. continuous maps over X from U — X to
py : Y — X. The presheaf I'(Y) is now easily seen to be a sheaf (much like the example
Top(—, Z) above). In this way we have a functor

T : Top/x —> Set?)”
which in fact factors through the full subcategory of sheaves Sh(X) < Set®¥ )" There is
also a functor coming back

A SetPX)” Top/ x,

(called the bundle of germs), which factors through the full subcategory of local home-
omorphisms LocHom/y < Top/x. The local homeomorphism A(P) — X has the total
space

A(P) = ] germ,(P),

where the “stalk of germs at 2”7 germ_(P) is defined by
germ (P) = cglalin PU ,

the colimit being taken over the filter of all open sets U with = € U. The space A(P) is
topologized by declaring as basic opens the images of all partial sections s : U — A(P)
over X (for U C X open).

The situation is summarized in the following proposition, for a detailed proof of which,
see [MM92], Ch. II].

Proposition 2.8.11. The bundle of germs functor A, which takes a presheaf P on the
space X to the local homeomorphism A(P) — X, is left adjoint to the presheaf of sections
functor T'. The images of these functors are the full subcategories of sheaves Sh(X), for T,
and local homeomorphisms LocHom/x, for A. The inclusions have adjoints: a left adjoint
a i for Sh(X) and a right adjoint j 4b for LocHom/x.

T
Set?(H” Top/x (2.12)
A
a 1 j b
A\ F A
Sh(X) ~ LocHom/x
A
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Thus there is an equivalence of categories Sh(X) ~ LocHom/ x.

One immediate consequence is that every slice LocHom/x is cartesian closed, by Propo-
sition [2.8.8] Another application is an explicit description of the left adjoint sheafification
functor a = I' o A, which is seen to preserve finite limits, since each of its factors does so.
Another application that will be of use in the semantics of the A-calculus with sums in the
next section is the description of the coproduct of two local homeomorphisms A — X and
B — X as A+ B — X, constructed in Top/x in the obvious way.

Corollary 2.8.12. The sheafified Yoneda embedding ay : O(X) — Sh(X) is still full and
faithful and still preserves all limits and exponentials. It now also preserves joins,

ayU UayV = ay(UUV) in Subshx)(1),

and similarly for all joins U = J,.; U; in O(X). Indeed, the factorization

iel
ay : O(X) — Subsp(x)(1)
s an isomorphism of complete Heyting algebras.

Proof. To give a sketch: chasing around the diagram (2.12]), we can regard the sheafified
Yoneda embedding ay as being given by Aoy : O(X) — LocHom/x, which is just the
functor

(UCX)r— (U= X),

taking an open subset U of X to the inclusion of the open subspace U — X, which
is obviously a local homeomorphism. The join of a family U; — X of subobjects of 1
in LocHom/x is computed there by first taking the coproduct in Top/x to give a local
homoeomorphism [[, U; — X with a disjoint sum of spaces as its domain, and then the
image factorization [[, U; — |J, U; — X to give the open set inclusion | J, U; < X, which
is the inclusion of the join of the U; in O(X). O

Exercise 2.8.13. Show that every representable functor y(U) is a sheaf. Conclude that
the “sheafified” Yoneda embedding aoy : OX — Sh(X) is fully faithful and injective on
objects.

Let us consider a simple example of the preservation of joins by comparing the presheaf
join yU UyV with the sheaf y(U U V'), in the case where neither U C V nor V- C U. We can
evaluate the presheaf yU UyV at the pushout diagram to get the following diagram
of sets,

(yUuyWV)(UnV)

(YU UyV)(V)

(YU uyV)(U)

(YU UyV)(UUV)
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which evaluates to the following,

l<——0

since (U UV) is “in” neither yU nor yV, and so not in their join yU UyV (where being “in
the presheaf” means that the presheaf is not empty at that argument). This diagram is
clearly not a pullback, as required for yU UyV to be a sheaf. On the other hand, evaluating
y(U U V) instead results in the evident pullback:

yUUV)UNV)

y(UuV)(V)

y(UuV)(U)

y({OUUV)(UUV)

which has 1 = {x} at all four corners.

Remark 2.8.14. An application of Corollary is a completeness theorem for full
intuitionistic propositional logic with respect to categories of sheaves Sh(X), using the
sheafified Yoneda embedding in place of Joyal’s representation theorem, which we used for
completeness with respect to presheaves. We leave it to the reader to fill in the details.

Exercise 2.8.15. Fill in the details. (Hint: The downset embedding of a Heyting algebra
H into the complete Heyting algebra of its ideals IdI(H) is an injective Heyting homomor-
phism, and there is an isomorphism of complete Heyting algebras IdI(H) = OSpec(H),
where the space Spec(H) is the prime spectrum of H, a generalization of the Stone space
of a Boolean algebra.)

As a further corollary of Proposition we have a completeness theorem analogous
to Corollary [2.8.5|for models of the A-calculus in categories of the form Sh(X) ~ LocHom/ x,
by first deriving completeness for categories of sheaves Sh(X) from the same covering
theorem that was used for Kripke completeness of the A-calculus; see Remark
(The completeness theorem with respect to spaces rather than posets is proved using
a refinement of the Joyal-Tierney covering theorem due to Moerdijk [?], also see
[Awo00, ?].) We will state this specialization where it is needed below for the semantics
of A-calculus with sums. While it is of interest to know that semantics in spaces and local
homeomorphisms is sufficient for theories in the A-calculus, it is also of practical use simply
to know that the A-calculus can be used as an internal language to reason about sheaves
over a space—a setting with many applications in everyday mathematics.

Equilogical spaces

See [7].
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2.9 Extensions of the \-calculus

We conclude our study of simple type theory by considering a few extensions of the basic
A-calculus:

1. A-Calculus with sums.
2. Natural numbers objects.
3. Higher-order logic.

4. Modal operators.

The first three of these are discussed in much more detail in the book [LS8§|]. These
extensions are not A\-theories as previously defined, but instead involve further operations
on types, which may be regarded as (proof-relevant versions of) general rules of inference.
Their categorical semantics require additional structures on a CCC.

2.9.1 M-Calculus with sums

We can extend the Curry-Howard correspondence between positive propositional calculi
and CCCs by adding “sums” to the CCCs to obtain a categorified version of Heyting
algebras, or intuitionistic propositional calculi, which we shall call BiCartesian Closed

Categories (BiCCCs),
BiCCC IPC

CCC ~ PPC’
The internal language of such categories will be a simple type theory given by adding
“stable sums” 0 and A + B to the A-calculus. Following [LS88, [ADHS01, [EDCB02|, the
additional rules required are the following.

1. The types are extended by adding the type constructors 0 and A + B, so we now
have:

Simple types A:=B|1]| A x Ay | A1 — Ay |0 | A1+ Ay
with the expected formation rules.
2. For the terms we now have

Terms t:=v|c|*| (t;,t2) | fstt|sndt |t1te | Ax: A.t |t | inlt | inrt | [x.t1, z.to)u

The copairs [z.t1, z.ts]u are sometimes called “cases”, and the variable x is bound.
Their typing rules, and those for the injections !¢, inlt, and inrt, are:
['|u:0 la:A I'|b:B
M'flu:C I'|inla: A+ B ['|inrb: A+ B
Fe:Als: C Ly:B|t:C F'u:A+B
' [z.sytu:C
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3. The equations for these terms are as follows.

z:Clz=lu:C [z.a,y.b](inls) = a[s/z] : C [z.a,y.b](inr t) = b[t/y] : C

u=[z.inlz,y.inryjlu: A+ B

v([z.s, y.tlu) = [z.vs,y.vtlu: D
The last equation is a “distributivity” law, in which v : C' — D and z,y ¢ FV(v).

4. For an example of a theory in the A-calculus with sums, consider the notion of an
infinite object I. According to R. Dedekind [Ded8§|, an object is infinite if it admits
an injective mapping to a proper subobject. This condition can be captured in a
BiCCC by requiring an isomorphism 1+ [ = I. Specifically, we require maps and
equations as follows:

1+1

For then j = [joinl,joinr] : 1+ 1 — [ for unique maps j; = joinl : 1 — I and
jo=goinr: I — I whence j,: I — I is injective (as a composite of injections), and
there is at least one element j; : 1 — [ that is not in its image, by the disjointness
of coproducts,

-
: J2
nr
Ji

Exercise 2.9.1. Write down the theory of infinite objects in the A-calculus with sums
and prove that every model in a BiCCC is indeed Dedekind infinite. Also formulate the
theory of a “successor algebra” as an object X equipped with a point z : 1 — X and an
endomorphism s : X — X. Prove that the natural numbers are initial among all successor
algebras in Set (with the evident definition of algebraic homomorphisms). Show from this
that the natural numbers are Dedekind infinite.

We now have the expected extension of the foregoing results for A-calculi and CCCs to

the case of A-calculi with sums and BiCCCs, namely:
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Proposition 2.9.2. For any theory T in A-calculi with sums, there is a (syntactic) BiCCC
Br that classifies T-models in arbitrary BiCCCs B,

BiCCC(Br,B) ~ Mod(T, B) .

In particular, the A-calculus with sums is complete (in the sense of C’orollary with
respect to models in bicartesian closed categories.

The proof is analogous to the previous case, although some care is required with the
initial object, the disjointness of sums, and their stability under products with a fixed
object (see [LS88, [FDCBO02]). There is also an internal language correspondence as in
Section that we need not spell out. An interesting question considered in [FDCB02]
is that of type isomorphisms, as a generalization of elementary algebraic equations. For
example ...

Remark 2.9.3 (Variable set completeness). Completeness of A-calculus with respect to
arbitrary presheaf categories Set™ is apparently more difficult to generalize to A-calculus
with sums than was the general categorical completeness theorem, Proposition [2.9.2] This
is because, although such categories Set®” have very well-behaved (indeed, freely added)
coproducts, the Yoneda embedding does not preserve the coproducts that may exist in
the index category C. In the “proof-irrelevant” propositional case, we solved this problem
using a more sophisticated embedding theorem due to Joyal, Theorem [I.5.22] One may
conjecture that something similar could hold in the present case: we can embed a BiCCC
B into the category of presheaves on all “biCartesian” functors M : B — Set (playing the
role of the prime filters in a Heyting algebra); however, we would still need to show that
this analogous “evaluation embedding” also preserves all exponentials; whether this holds
is an open question.

We leave the question of completeness with respect to variable sets aside for now, and
briefly consider a different approach to the semantics of BiCCCs using sheaves, for which
one can show completeness using well-known results (e.g. [FS99]).

Definition 2.9.4. Let B be a BiCCC. A presheaf F': B — Set is called a sheaf (for the
+-topology) if it preserves finite products. Explicitly, a sheaf F is a contravariant functor
that takes the finite coproducts in B to products in Set (via the canonical maps),

F(0)=1,
F(A+B)=FAx FB.

A morphism of sheaves f : G — F is just a natural transformation.

Lemma 2.9.5. By definition, the category of sheaves is a full subcategory. The inclusion
i : Sh(B) < B has a left adjoint,

a: B — Sh(B),

called sheafification, which, moreover, preserves all finite limits.
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Proof. Since finite products commute with limits, it is easy to see that the F P-functors
are closed under all limits. So by the adjoint functor theorem, we see that the full sub-
category of FP-functors is reflective in the category of all Set-valued functors, as we have
already shown in Section ??. That the reflector a preserves finite limits can be shown by
analyzing the sheafification functor a in terms of the so-called Grothedieck 4-construction;
see [MM92] I11.5]. O

Proposition 2.9.6. We require the following facts about the subcategory category
Sh(B) — B
of +-sheaves on a BiCCC B.

1. The representable functors yB : B°® — Set are all sheaves; in particular, the terminal
object 1 =yl 1is a sheaf.

2. The sheafified Yoneda embedding ay : B — Sh(B) is fully faithful, and preserves finite
coproducts.

3. If F,G are sheaves, so is their product F x G, and if G is a sheaf and F' a presheaf,
then the presheaf exponential GY' is a sheaf.

Thus in particular, the fully faithful functor ay : B < Sh(B) preserves the BiCCC structure.
Proof. 1. For any object B € B we have:

yB(0) = hom(0,B) =1,
yB(A; + As) = hom(A; + Ay, B) = hom(A,;, B) x hom(A,, B)
=yB(A1) x yB(A,).

2. To see that ay : B — Sh(B) is fully faithful, note that by (1) we have y = i o (ay) :
B — B, which is fully faithful, and i : Sh(B) — B is so as well.

y

x®)

B

ay
Sh(B)

To see that ay preserves sums, for any sheaf F', we have:

Sh(B)(ay(0), F)
Sh(B)(ay(A+ B), F) =

(y(0),iF) = iF(0) =1,
(y(A+ B),iF) 2 iF(A+ B) = iF(A) x iF(B).
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3. If F,G are sheaves then F' x (G is one as well, since, as presheaves,

(FxG)0)=2FOxGi=1x1=1,
(FxG)A+B)=2FA+B)xG(A+B)= (FAXx FB) x (GAx GB)
> (FxG)(A) x (FxG)B).

If G is a sheaf and F' a presheaf, then as presheaves,

(iG")(0) = B(y(0) x F.iG) = Sh(B)(a(y(0) x F), )

= Sh(B)(ay(0) x aF,G) = Sh(B)(a0,G) =
(iGT)(A+ B) = B(y(A+ B) x F,iG) = B(ay(A + B) x F, G)

~ B((ay(A) +ay(B)) x F,G)

= B((ay(A) x F) + (ay(B) x F),G)

=~ B(ay(A) x F,G) x B(ay(B) x F,G)

=~ B(y(A) x F,iG) x B(y(B) x F,iG)

>~ iGF(A) x iGF(B).

]

As a result of the forgoing embedding theorem, the completeness of the basic A-calculus
with respect to presheaves can be extended to completeness of the A-calculus with sums
with respect to categories of sheaves (although we have not yet defined these except in
the special cases of topological spaces and + sheaves on a category with stable, finite
coproducts). To that end, we define a model in a category Sh(C,+) of sheaves (for the
+ topology) on a small category C with stable finite coproducts to be a BiCCC functor
from Br, the classifying BiCCC of a theory T, into Sh(C,+). We then have the following
completeness theorem.

Proposition 2.9.7 (Completeness of A-Calculus with Sums). For a theory T in the \-
calculus with sums,

1. a type A is inhabited in every model in a category of sheaves Sh(C,+) iff there is a
closed term a : A,

2. an equation I' | s =t : A holds in every model in a category of sheaves Sh(C, +) iff
there is a proof of it from the equations of T.

There is a more general notion of a sheaf for a “Grothendieck topology” on a small
category C, of which the +-topology on a category with sums is a special case, and the
foregoing proposition then generalizes to that case, but we shall not pursue this further
here.

Exercise 2.9.8. Fill in the details of the proof of Proposition [2.9.7
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Finally, we can again apply the Joyal-Tierney covering theorem to obtain com-
pleteness of the A-calculus with sums with respect to categories Sh(X) of sheaves on a
space:

Corollary 2.9.9 (Topological Completeness of A-Calculus with Sums). For a theory T in
the \-calculus with sums,

1. a type A is inhabited in every model in a category of sheaves on a space Sh(X) iff
there is a closed term a : A,

2. an equation I' | s =t : A holds in every model in a category of sheaves on a space
Sh(X) iff there is a proof of it from the equations of T.

Of course, the result can also be formulated equivalently in terms of BiCCCs of the form
LocHom/x rather than Sh(X), where the coproducts of local homeomorphisms A — X
and B — X are more easily constructed naively as A+ B — X in the underlying category

Top/X (by Proposition [2.8.11]).

Remark 2.9.10. It may also be asked whether there is a single space X such that Sh(X) is
sufficient for all theories in the A-calculus with sums, as has been shown e.g. for intuitionistic
first-order logic IFOL with respect to just sheaves on the real line R [].

2.9.2 Natural numbers objects

Using sums we can describe infinite objects X + 1 = X, but we cannot describe the free
such objects, such as the initial one, without having a general induction principle with
respect to other such objects. Such inductive type are more conveniently formulated in
dependent type theory, as we shall do in the next chapter, but we can also formulate them
in simple type theory by adding new recursion operations, see Lambek-Scott [LS88]. . This
leads to the important notion of a natural numbers object: an initial infinite object.

2.9.3 Higher-order logic

This example presumes familiarity with the results of Chapter 77, or at least with the
basic categorical approach to first-order logic as presented in [MM92, 7].

The approach to IHOL presented here is closely tied to topos theory, which is to be
treated in greater depth in Chapter ??. Also see Lambek-Scott [LS8S].

Remark 2.9.11.

2.9.4 Modalities

Recall first the propositional modal logics IS4, IS5 with adjoints, natural deduction using
Bierman-dePaiva, Kavvos.
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Example of a CCC with a “modal operator”: pointed sets for partial functions and the
lifting monad.
Summarize Moggi’s modal A-calculus. Also see Shulman.

See [Sco80b), [Sco80a] for more on the A-calculus

Still ToDo: Normalization use Lambek-Scott, NbE use Altenkirch
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Chapter 3

Dependent Type Theory

The Curry-Howard correspondence from Chapter can be extended to natural deduction
proofs in first-order logic, providing an extension of the “propositions as types/proofs as
terms” idea from propositional logic to first-order logic (see [Sco70, [How80] . In addition
to simple types A, B, ... representing propositions, one then has dependent types x : A
B(z) representing “propositional functions” or predicates. In addition to the simple type
formers A x B and A — B, one has dependent type formers 3,.4B(z) and II,.4B(x),
representing the quantified propositions 3,.4 B(z) and V,.4 B(x). As before, these types may
have different terms s,t : Il,.4B(z), resulting from different proofs of the corresponding
propositions, so that the calculus of terms again records more information than mere
provability. Also as before, the resulting abstract structure turns out to be one that is
shared by other categories not arising from logic—and now the coincidence is even more
remarkable, because the structure at issue is a much more elaborate one. Where proofs
in the propositional calculus gave rise to a cartesian closed category, the category of proof
terms of first-order logic will be seen to be locally cartesian closed, a mathematical structure
also shared by sheaves on a space, Grothendieck toposes, categories of fibrations, and other
important examples.

Before stating a formal dependent type theory, we begin by infomally “categorifying”
first-order logic with an abstraction (due to Lawvere [Law70]) called a hyperdoctrine. A
hyperdoctrine is a contravariant functor P : C°® — Cat (see Section , and there are in
particular both poset-valued and “proper” category-valued ones. The former correspond
to propositional and predicate logic, while the latter correspond more closely to dependent
type theory, where the individual value categories P(C') may be proper cartesian closed
categories (rather than just Heyting algebras or CCC posets). Moreover, the reindexing
functors along all projections p4 : X x A — A in the index category C of contexts are
also required to admit both left and right adjoints ¥4 - p% - II4, according to Lawvere’s
adjoint analysis of quantification. An important difference between hyperdoctrines and
dependent type theories, however, is that the indexing category of contexts in dependent
type theory has not just finite products, but also some additional structure resulting from
an operation of context extension, which takes as input a type in context I' = A and returns
a new context (I', z : A), together with a substitution arrow (I',z : A) — I'. This is taking
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the “propositions-as-types” idea even more seriously, by allowing every proposition I' F ¢
in first-order logic to form a new type {I' F ¢}, thus turning the objects A € P(C) in the
value-categories of hyperdoctrine (C, P) into arrows {A} — C in C EI

3.1 Hyperdoctrines

Given an algebraic signature, let C be the category of contexts, with (non-dependent)
tuples of typed variables I' = (x; : C4, ..., x,, : C,) as objects, and as arrows v : A — I the
n-tuples of terms ¢; : C1, ..., ¢, : Cp, all in context A = (y1 : D1, ..., Ym : D),

Abc:Cy, 1<i<n.
Composition is given by substitution of terms for variables,

vyoo = (cildi/y1s- - dm/Yml, - caldi/y1, - dm/Ym],)

for 0 = (dy,...,dpn) : E— A with E = (21 : Ey,..., 2 : Ey), and the identity arrows are
the variables themselves (terms are identified up to a-renaming of variables, as in Lawvere
algebraic theories, see Chapter 7?7). The category C then has all finite products, essentially
given by tupling.

For each object T', let P(T") be the poset of all first-order formulas (I' | ), ordered by
entailment T' | ¢ I ¢ and identified up to provable equivalence T' | ¢ 4F t. Substitution
of a term ¢ : A — [ into a formula (I' | ¢) then determines a morphism of posets
o*: P(I') — P(A), which also preserves all of the propositional operations,

o (p AY) = plofz] ANplofa] = o™ (p) No™ (), ete.

(Exercise!). Moreover, since substitutions into formulas and terms commute with each
other, 7% = plo o7 /x], this action is strictly functorial, and so we have a contravariant
functor

P : C°® — Heyt

from the category of contexts to the category of Heyting algebras.
Now consider the quantifiers 4 and V. Given a projection of contexts px : I' x X — T,
in addition to the pullback functor

px : P(I') — P(I' x X)
induced by weakening, there are the operations of quantification
dx,Vx : P('x X) — P(I).
By the rules for the quantifiers, these are indeed left and right adjoints to weakening,
dx 4p% 1Vx.

The Beck-Chevalley rules assert that substitution commutes with quantification, in the
sense that (V,¢)[s/y] = V.(¢[s/y]), and similarly for (3,¢).

HLaw70] does just this.
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Definition 3.1.1. A (posetal) hyperdoctrine consists of a Cartesian category C together
with a contravariant functor
P : C°® — Heyt,

such that for each f : D — C the action maps f* = Pf : PC — PD have both left and
right adjoints
dp 4 Yy

that satisfy the Beck-Chavalley conditions.

Exercise 3.1.2. Verify that the syntax of first-order logic can indeed be organized into a
hyperdoctrine in the way just described.

Examples

1. We just described the syntactic example of first-order logic. Indeed, for each first-
order theory T there is an associated hyperdoctrine (Cr, Pr), with the types and terms
of T as the category of contexts Cr, and the formulas (in context) of T as “predicates”,
i.e. the elements of the Heyting algebras ¢ € Pr(I"). A general hyperdoctrine can be
regarded as an abstraction of this example.

2. A hyperdoctrine on the index category C = Set is given by the powerset functor
P : Set®® — Heyt,

which is represented by the Heyting algebra 2, in the sense that for each set I one
has
P(I) = Hom(I,2).

Similarly, for any complete Heyting algebra H in place of 2, there is a hyperdoctrine
H-Set, with
Py(I) = Hom(I,H).

The adjoints to precomposition along a map f : J — I are given by
Ir()(i) = V(F() =) Ael),
jet

Vi) = N(FG) =1 = (),

jeJ
where the value of # =y in H is defined to be \/{T | z = y}.

We leave it as an exercise to verify that this is hyperdoctrine, in particular to show
that the Beck-Chevalley conditions are satisfied.

Exercise 3.1.3. Show this.
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3. For a related example, let C be any small index category and C = @, the category
of presheaves on C. An internal Heyting algebra H in C, i.e. a functor C°° — Heyt,
is said to be internally complete if, for every I € C, the transpose H — H! of the
projection H x I — H has both left and right adjoints. Such an internally complete
Heyting algebra determines a (representable) hyperdoctrine Py : C — Set just as for
the case of C = Set, by setting P4(C) = C(C,H).

4. For any Heyting category H let Sub(C') be the Heyting algebra of all subobjects
S — C of the object C'. The presheaf Sub : H°® — Heyt, with action by pullback, is
then a hyperdoctrine, essentially by the definition of a Heyting category.

Remark 3.1.4 (Lawvere’s Law). In any hyperdoctrine (C, P), for each object C' € C, we
can determine an equality relation =¢ in each P(C' x C'), namely by setting

(r=cy) = 3a.(T),

where A¢ : C — C x C' is the diagonal, 3o, 4 A}, and T € P(C). Displaying variables
for clarity, if p(z,y) € P(C x C) then A%Lp(x,y) = p(z,xz) € PC is the contraction of
the different variables, and the adjunction 3o, 4 A} can be formulated as the following
two-way rule,

r:C|TFp(z,2)
r:Cy:C|(r=cy)t plz,vy)

which expresses that (x =¢ y) is the least reflexive relation on C. See [Law70] and Exercise
77 above.

(3.1)

Exercise 3.1.5. Prove the standard first-order laws of equality from the above hyperdoc-
trine formulation of Lawvere’s Law (3.1]).

Proper hyperdoctrines

Now let us consider some hyperdoctrines of a different kind. For any set I, let Set’ be the
category of families of sets (A;)ier, with families of functions (g; : A; — B;)ier as arrows,
and for f: J — I let us reindex along f by the precomposition functor f* : Set! — Set”,
with

[ ((Aiier); = Ay -

Thus we have a contravariant functor
P : Set®® — Cat
with P(I) = Set’ and f*(A: T — Set) = Ao f:.J — Set.
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Lemma 3.1.6. The precomposition functors f* : Set’ — Set’ have both left and right
adjoints fi A f* - f. which can be computed by the formulas:

AA = ] 4, (3.2)
jef i}
[« (A)i = H Aj

jef~Hi}
for A= (A,)jes. Moreover, these functors satisfy the Beck-Chevally conditions.

A closely related example uses the familiar equivalence of categories Set’ ~ Set/;, where
now the adjoints

FiA A fu:Set/; — Set/;

to reindexing along f : J — I are (post-)composition, pullback, and “push-forward”, re-
spectively. In this case, the action of the pseudofunctor P is not strictly functorial, as it was
for the case of P(I) = Set’. Note that the Beck-Chevalley conditions for such Cat-valued
functors should now also be stated as (canonical) isomorphisms, rather than equalities as
they were for poset-valued functors. In this way, when the individual categories P([) are
proper, and not just posets, the entire hyperdoctrine structure may be weakened to include
(coherent) isomorphisms, both in the functorial action of P, and in the B-C conditions.
We will not spell out the required coherences here, but the interested reader may look up

the corresponding notion of an indexed-category, which is a Cat-valued pseudofunctor (see
(7, B1.2]).

Example 3.1.7. Another example of a “proper” hyperdoctrine, with values in non-posetal
(large!) categories, is the category of presheaves construction C = Set™ | where:

P : Cat®® — CAT,
Cr—C.

Here the action of P may be assumed to be strictly functorial, because it’s given by
precomposition. Nonetheless the B-C conditions must be stated as natural isos, because
the adjoints Fi 4 F* 4 F, : D — C for F' : D — C are given by left and right Kan
extensions, which need not be strictly functorial.

We shall consider several more examples of proper hyperdoctrines below. The inter-
nal logic of such categories generalizes and “categorifies” first-order logic, and is better
described as dependent type theory. Proper hyperdoctrines P : C°® — Cat are roughly
related to dependent type theory in the way that posetal ones P : C°® — Pos are related
to FOL. There are actually two distinct aspects of this generalization: (1) the individual
categories of “predicates” P(C') are proper categories rather than mere posets, (2) the
variation over the index category C of contexts (and its adjoints) is weakened accordingly
to pseudo-functoriality. Each of these aspects plays an important role in dependent type
theory and its categorical semantics.
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First-Order Logic Dependent Type Theory

Propositional Logic Simple Type Theory

3.2 Dependently-typed lambda-calculus.

We give a somewhat informal specification of the syntax of the dependently-typed \-calculus
(see [Hof95, [AG] for a more detailed exposition).
Dependent type theories have four standard forms of judgement

A:type, A=DB:type, a:A, a=b:A.

We refer to the triple equality relation = in these judgements as definitional (or judgemen-
tal) equality. Tt should not be confused with the notions of (extensional and intensional)
propositional equality to be introduced below. A judgement J of one of the four above
kinds can also be made relative to a context I' of variable declarations, a situation that
we indicate by writing I' - J. When stating deduction rules for such judgements we make
use of standard conventions to simplify the exposition, such as omitting the (part of the)
context that is common to premisses and conclusions of the rule.

To formulate the rules, we revisit the rules of simple type theory from Section and
adjust them as follows.

Judgements: The basic kinds of judgements are:

[ ctx, I'= A type, 'Fa:A.
along with the judgemental equalities of each kind:

'=Actx A = B type a=b:A,

each of which are assumed to satisfy the usual laws of equality.

Contexts: These are formed by the rules:

' A type
() ctx [z Actx

Here it is assumed that z is a fresh variable, not already occurring in I'. Note that, unlike
in the simple type theory of the previous chapter, the order of the types occurring in a
context now matters, since types to the right may depend on ones to their left.
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Types: In addition to the usual simple types, generated from basic types by formation of
products and function types, we may also have some basic types in context,

Basic dependent types I'y FBy, I's By, ---

where the contexts I' need not be basic. Further dependent types are formed from the
basic ones by the sum ¥ and product II type formers, using the formation rules:

Iz: A B type Ix: Ak B type
I'F%,.4B type ' 11,.4B type

Terms: As for the simple types, we assume there is a countable set of variables x,vy, z, . . ..
We are also given a set of basic constants. The set of terms is then generated from variables
and basic constants by the following grammar, just as for simple types:

Variables vi=z|y|z| -
Constants cu=cy|cy | -
Terms t:=v|c|*|(t;,t2) | fstt|sndt |t1ts | Ax: At

The rules for deriving typing judgments are much as for simple types. They are of course
assumed to hold in any context I'.

e Each basic constant c; has a uniquely determined type C; (not necessarily basic):

ci:Cl-

e The type of a variable is determined by the context:

.I'lIAl,...,inAi,...,anZAnl_.fEiiAi -

e The constant % has type 1:

11
e The typing rules for pairs and projections now take the form:

a:A bB(CL> CIEIZAB C:Zx:AB
(a,b) : Xy B fstc: A sndc: B(fstc)

We write e.g. B(a) rather than Bla/x] to indicate a substitution of the term a for
the variable z in the type B. Similarly, we may write 3,.4B(z) to emphasize the
possible occurence of the variable x in B. We treat A x B as another way of writing
Y.aB, when the variable = : A does not occur in the type B.
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e The typing rules for application and A-abstraction are now:

t: 1,48 a:A z: A+t B
ta: B(a) (Ax: A.t): 1l.4B

We treat A — B as another way of writing Il,.4 B when the variable z : A does not
occur in the type B.

The (8 and n) equations between these terms are just as they were for simple types:

e Equations for unit type:

e Equations for sum types:

SEtZZx:AB SEtZZx:AB
fsts=fstt: A snds =sndt: A
-rul
t = (fstt,sndt) : .48 (n-rule)
-rul
fst(s,t) =s: A snd (s, t)y =t: A (B-rule)

e Equations for product types:

s=t:11,.4B u=v:A
su=tv:B

r:AFt=u:B
M At)y=(Ar: A.u): 4B

(A A t)u=tu/z]: A (B-rule)

Ar: A (tx)=t: 11,48 if z & FV(1) (n-rule)

Equality types: Just as for first-order logic, for each type A we have a primitive equality
type:
z,y: AFEqu(x,y) type.
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This is called propositional equality. For convenience, we may sometimes also write z =4 y
for Eq4(x,y). Although they will turn out to be logically equivalent, the reader is warned
not to confuse propositional and judgemental equality z =y : A.

The formation, introduction, elimination, and computation rules for equality types are
as follows:

s A t: A a: A
s =4t type refl,: (a =4 a)
p:s=apt p:Ss=4t
s=t: A p=refly: (s=4s5)

The elimination rule is known as equality reflection. We may say that two elements st : A
are propositionally equal if the type s =4 t is inhabited. Thus the equality reflection rule
says that if two terms are propositionally equal then they are judgementally equal.

Exercise 3.2.1. Show that two terms are propositionally equal if, and only if, they are
judgementally equal.

Remark 3.2.2 (Identity types). The formulation of the rules for equality just given is
known as the extensional theory. There is also an intensional version, with different elimi-
nation (and computation) rules, to be considered in the next chapter. To help maintain the
distinction between these three (!) different relations, the intensional version is sometimes
called the identity type and written Id4(s,t) instead. See [AG] for details.

Remark 3.2.3 (Variant rules for sum types). Another formulation of the rules for ¥-types
using a single dependent elimination rule is as follows:
z: Y4B F C type x: Ay Bx)Felz,y): C{x,y))
21 YpaBF osplit(z,c) : X,.aB

with the associated computation rule:

2 Y4B F C type z: Ay Bx)Fc(z,y) : C({z,y))
v Ay B(z) - split((z,y), ¢) = c(z,y) : C((z,y))
These rules permit one to derive the simple elimination terms fst ¢ and snd ¢, and to prove

the above computation rules for them. The 7-rule is derived using a dependent elimination
involving the Eg-type.

Exercise 3.2.4. Prove the simple elimination rules for sum-types (involving fstc¢ and
snd ¢) from the dependent ones (involving split).

Remark 3.2.5 (The type-theoretic axiom of choice). One of the oldest problems in the
foundations of mathematics is the logical status of the Axiom of Choice. Is it a “Law of
Logic”? A mathematical fact about sets? A falsehood with paradoxical consequences?
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Per Martin-Lof discovered that the rules of constructive type theory that we have just
presented actually suffice to decide this question in favor of “Law of Logic” in a certain
sense [ML84] (see also [Tai68]). Since the statement of the type theoretic axiom of choice
goes (slightly) beyond standard first-order logic, this arguably provides a resolution that
also clarifies why the problem remained open for so long in conventional mathematics.

Under propositions as types, reading > as “there exists” and II as “for all”, a type
such a II,.4X,. s R(x,y) can be regarded as a stating a proposition—in this case, “for all
x : A there is a y : B such that R(x,y)”. By Curry-Howard, such a “proposition” is then
provable if it has a closed term ¢ : II;. 4%, g R(z,y), which then corresponds to a proof, by
unwinding the rules that constructed the term, and observing that they correspond to the
usual natural deduction rules for first-order logic.

Of course, the rules of construction for terms correspond to provability only under a
certain “constructive” conception of validity (see [Sco70]). Stated as follows,

Hm:AEy:BR(xu y) — Ef:A—>Bl_-[1':Afi(x7 fl’) ) (33)

the “type theoretic axiom of choice” may sound like the classical axiom of choice under
the propositions as types interpretation, but this type is actually provable in (constructive)
type theory, rather than being an axiom!

Exercise 3.2.6. Prove the type theoretic axiom of choice (3.3]) from the rules for sum and
product types given here.

3.2.1 Interaction of Eq with Y and II

The type theoretic axiom of choice Example [3.2.5] can be seen as a distributivity law
for ¥ and II. It is in fact an isomorphism of types: there are terms going both ways, the
composites of which are propositionally (and therefore definitionally!) equal to the identity
maps (i.e. Az : X.z : X — X). It is natural to ask, how do the other type formers interact?

Consider first the result of combining Eg-types with 3. We can show that for s,¢ : Ax B
there is always a term,

Eqa,p(s,t) = (Equ(fsts, fstt) X Eqp(snds, sndt)),

Moreover, there is a term in the other direction as well, and the composites are proposition-
ally equal to the identity. By equality reflection, it therefore follows that these types are
also syntactically isomorphic, in the sense just described. The same is true for dependent
sums, although this is a bit more awkward to state, owing to the fact that snd (s) : B(fst s)
and sndt : B(fst (t). However, since the first projection gives a term p : Eq,(fst s,fstt)
we have fsts = fstt and therefore B(fsts) = B(fstt), so that Eqp s, ;) (snd s, snd?)
makes sense, and is in fact judgementally equal to Edp(sss t)(snd s,sndt), so we can write:

EqEz:AB<87 t> % Ep:EqA(fSt Svat t)EqB(fSt S) (snd 57 Snd t) )
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Moreover, since Eqp ¢4 5 (5nd s, snd ) does not depend on p : Eq, (£st s, £st ¢), this actially
rewrites to:
Eay, ,p(s,1) = Equ(fst s, fsti) X Eqpe 5 (snd s, sndt).

Moreover, these types are also isomorphic.
For Il-types, given terms f,g: A — B, we can form a term of type

Eq,,p(f,9) = HeaEqgp(fo, go).

and again, this is an isomorphism of types. The corresponding law for dependent functions
f, g : 1I,.4B takes the more perspicuous form

EqHz:AB(fv g) = Hm:AEqB(z)(f$a gz) .

And again, this is also an iso. Note that these last two isomorphisms say that two functions
are equal just if they are so “pointwise”. This principle is called Function Extensionality.

Finally, let us consider equality of equality types. Given any terms a,b : C' and p,q :
Eq.(a,b), what more can be said? The principle called Uniqueness of Identity Proofs (UIP)
asserts that there is always a term of type

EqEqC (ayb) (p’ q) .

Is there an argument for this principle, analogous to those for the equalities of terms of
types X and II? We shall return to this question in the setting of intensional type theory
in the next chapter.

Exercise 3.2.7. Prove that extensional type theory satisfies (UIP).

3.3 Locally cartesian closed categories

Recall the following proposition from ?7.

Proposition 3.3.1 (and Definition). The following conditions on a category C with a
terminal object 1 are equivalent:

1. Every slice category C/A is cartesian closed.

2. For every arrow f : B — A the (post-) composition functor ¥¢: C/B — C/A has a
right adjoint f*, which in turn has a right adjoint 11;.
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Such a category is called locally cartesian closed.

The notation X - f* - Il of course anticipates the interpretation of DTT. A common
alternate notation is fy 4 f* 4 f..

Proof. Suppose every slice of C is cartesian closed. It suffices to consider the case of (2)
with A =1, and to show that the functor B* : C — C/p with B*(X) = (m: X x B — B)
has both left and right adjoints X 4 B* 4 Ilg : C/p — C. For Xp we can just take
the forgetful functor. For Ilg(p : X — B) we use the CCC structure in C to form the
map pP : X — BB, which we then pull back along the point ‘15’ : 1 — B® that is the
transpose of the identity map 1p: B — B.

B
I5(X) X
pB
1 BB

Conversely, if C is LCC, then in every slice C/x we can define the product of A — X and
B — X as Axx B = Y,4A*B and the exponential as (B4)x = I14A*B. The universal
properties are then easily checked. ]

Exercise 3.3.2. Verify the details of the proof just sketched for Proposition [3.3.1]

Basic examples of LCCCs

1. We have already seen the hyperdoctrine C = Set and P : Set®® — Cat where P(I) =
Set!, with action of f:J — I on A : I — Set by precomposition f*A = Ao f:.J —
Set, which is strictly functorial. There is an equivalent hyperdoctrine with the slice
category Set/; as the “category of predicates” and action by pullback f* : Set/; —
Set/;. The equivalence of categories

Set’ ~ Set/;

allows us to use post-composition as the left adjoint f; : Set/; — Set/;, rather
than the coproduct formula in (3.2]). Indeed, this hyperdoctrine structure arises
immediately from the locally cartesian closed character of Set. We have the same
for any other LCC &, namely the pair (£,€/_)) determines a hyperdoctrine, with
the action of £/,_y by pullback, and the left and right adjoints coming from the LCC
structure.

2. Another familiar example of a hyperdoctrine arising from LCC structure is presheaves
on a small category C, where for the slice category C/x we have another category of
presheaves, namely

C/y=[.X, (3.4)
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on the category of elements [.X. For a natural transformation f : Y — X we have
afunctor [f: [V — [X, which (as usual) induces a triple of adjoints on presheaves,

SR AUH A JY — [X,

where the middle functor ([f)* is precomposition with [f, which preserves all
(co)limits. These satisfy the Beck-Chevalley conditions (up to isomorphism), be-
cause this indexed category is equivalent to the one coming from the LCC structure
(3.4]), which we know satisfies them.

Note that each of the categories C /x is therefore also Cartesian closed, so that C is
indeed LCC by Proposition . Moreover each C /x also has coproducts 0, X +Y,
so it is a “categorified” Heyting algebra—although we don’t make that part of the
definition of a hyperdoctrine.

3. An instructive example of a hyperdoctrine that is not an LCC is the subcategory
of Pos of posets and monotone maps, which we already met in Section 77, with
the “predicates” being the discrete fibrations. For each poset K, let us take as the
category of predicates P(K) the full subcategory dFib_K < Pos/k consisting of the
discrete fibrations: monotone maps p : X — K with the “unique lifting property”:
for any x and k < p(z) there is a unique 2’ < x with p(2’) = k. Since each category
dFib/k is equivalent to a category of presheaves Set™™ . and pullback along any
monotone f : J — K preserves discrete fibrations, and moreover commutes with the
equivalences to the presheaf categories and the precomposition functor f* : K — J,
we have a hyperdoctrine if only the Beck-Chevalley conditions hold. We leave this
as an exercise for the reader. Finally, observe that dFib cannot be an LCC, simply
because it does not have a terminal object; however, every slice of course does one,
and so every slice dFib/ is a CCC, and therefore also an LCC (since a slice of a slice
is a slice).

4. An example formally similar to the foregoing is the non-full subcategory LocHom —
Top of topological spaces and local homeomorphisms between them, which also lacks
a terminal object, but each slice of which LocHom/X ~ Sh(X) is equivalent to the
topos of sheaves on the space X, and is therefore CCC (and so LCCC).

5. Fibrations of groupoids. Another, similar, example of a hyperdoctrine not arising
simply from an LCCC is the category Grpd of groupoids and homomorphisms, which
is not LCC (cf. [Pal03]). We can however take as the category of predicates P(G)
the full subcategory Fib(G) < Grpd/¢ consisting of the fibrations into G: homomor-
phisms p : H — G with the “iso lifting property”: for any h € H and v : g = p(h)
there is some 0 : A’ = h with p(J) = v. Now each category Fib(G) is biequivalent to a
category of presheaves of groupoids Fib(G) ~ Grpd®”. Tt is not so easy to show that
this is a (bicategorical) hyperdoctrine; see [HS9§|]. This example will be important
in the next chapter as a model of intensional dependent type theory. The category
Cat, with iso-fibrations as the “predicates”, has a similar character.
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Exercise 3.3.3. 1. Verify that the pullback of a discrete fibration X — K along a
monotone map f : J — K exists in Pos, and is again a discrete fibration.

2. Verify the equivalence of categories dFib(K) ~ Set™ ”

3. Show the Beck-Chavelley conditions for the indexed category of discrete fibrations of
posets.

Exercise 3.3.4. Let P : C°® — Cat be a hyperdoctrine for which there are equivalences
PC ~ C/C, naturally in C, with respect to the left adjoints ¥y : C/A — C/B for all
f:A— Bin C. Show that C is then LCC.

Exercise 3.3.5. Show that any LCCC C, regarded as a hyperdoctrine, has equality in the
sense of Remark B.1.4

3.4 Functorial semantics of DTT in LCCCs

We begin by describing a “naive” interpretation of dependent type theory in a locally
cartesian closed category which, although not strictly sound, is nonetheless useful and
intuitive. In particular, it extends the functorial semantics of simple type theory in CCCs
that we developed in the last chapter in a natural way. In a subsequent section, we shall
“strictify” the interpretation to one that is fully correct, but technically somewhat more
complicated. See Remark below.

Contexts I' are interpreted as objects [I'], and dependent types I' = A as morphisms
into the context [I']. To begin, let C be an LCCC, and interpret the empty context as the
terminal object, [-] = 1. Then to each closed basic type - F B, we assign a type [B] and
interpret [- F B] : [B] — 1. Proceeding by recursion, given any type in context I' = A, we
shall have

[CFA]: A — [I7,
abbreviating ',z : A to I'; A. A basic dependent type I' - B is interpreted by specifying
amap [[' F B] : [, B] — [I'], where the interpretation [I'] is assumed to have been
already given. Note that in this way, we also interpret the operation of context extension,
by taking the domain of the interpretation of a type in context.

Weakening a type in context I' = C' to one I';) A = C' is interpreted as

[[,AFC] =p*[T +C],

that is, the lefthand vertical map in the following pullback square, where the substitution
p: [, A] — [I'] is the canonical projection p = [I" - A] .

[T, A, C] [T, C] (3.5)
[T, A+ C] [T+ C]
[T, A] . [r]
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Given I'; A - B, we may assume that we already have maps

(-]

[T,

and we use the left and right adjoints to the pullback functor

[0, A, 8] "5 r, 4]

HF H A]]* : C/[p]] — C/[[F,A]]
to interpret the eponymous type-forming operations:

[T+ %.aB] = Spea([T, A+ B]),
[T F ,.4B] = Mgea([T, A+ B]).

A term I' - a : A is interpreted as a section:

[TFa:A]

[ [T, A]

~ [T+ A]

[

Finally, as in first-order logic, substitution of a term I' - a : A for a variable I';x : A in a
dependent type I', A = B is interpreted by taking a pullback,

[T, B(_Ia)]] T, A, B]
[T'F B(a)] [T, A+ B]
'] [TFa:A] [T, 4]

and similarly for substitution into terms.

More generally, given any substitution v : A — I" (a tuple of terms ¢4, ..., ¢, in context
A of types those in I' = (x; : C4,...,z, : Cy)), we have a morphism [v] : [A] — [I].
Then, as in the substitution of a single term I'' - ¢ : C' for a variable I', x : C', we can obtain
a pullback diagram along [v]:

[A, A(y)] [T, A]
[A+ A()] [r+ 4]
[A] s [r]
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The lefthand vertical map is then by definition the interpretation of the substituted type
A F A(y). The interpretation of a substitution into a term A F a(y) : A(o) is similarly
induced by pullback.

Finally, we interpret an equality type = : A,y : A - Eq,(x,y) as the diagonal of the
interpretation of A,

[,y AFEqu(z,9)] = Ay - [A] — [A] < [A] .
As a map of contexts we then have
[A, A, Equ(z,y)] = [A] — [A] x [A] = [A, A].

For I'; A, A + Eq,(x,y), with a context I', we take the diagonal of the map [I" - A] :
[T, A] — [I'] as an object in the slice category over [I'].

Proposition 3.4.1 ([See84]). The rules of dependent type theory are sound with respect
to the naive interpretation in any LCCC, modulo the following Remark[5.4.4)

Proof. One needs to check that all of the typing judgements from Section |3.2|are sound, but
much of this work has already been done in the simply typed case, in virtue of Proposition
3.3.1  One thing that we cannot take over from that case is the interpretation of the
Eg-types, so let us check those rules by way of example.

The Formation rule (in the empty context) is clearly satified by the stated interpreta-
tion:

[x: Ay AFEqu(z,y)] = Ay : [A] — [A] x [4]. (3.6)

For the Introduction rule, we pull back the dependent type [z : A,y : A+ Equ(x,y)]
along the substitution ¢ : [z : A] — [z : A,y : A] (the diagonal of [A] interpreting the
variable contraction (z/x, z/y)) to obtain the diagram:

[2: A Eqy(z2)] [ z_f} y: A,Equ(z,y)]
[z A Eqyu(z,2)] reflz [x:Ay: A Equ(z,y)]
[ A] - - [o: Ay : A]

The term [z : A F refl, : Eq,(z,2)] is to be a section of the left hand vertical map, or
equivalently, the indicated diagonal. This can be taken to be the identity arrow of [A] by
the specification of [z : A,y : A+ Equ(z,y)] in (8.6). The Elimination and Computation
Rules are left as an exercise. ]

Exercise 3.4.2. Complete the verification of the Eq-rules.

Exercise 3.4.3. Verify either the ¥ or the II rules.
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Remark 3.4.4 (Coherence). Although it is correct according to the intuition of slice
categories in an LCCC, the naive interpretation of substitution as pullback leads to a well-
known coherence problem [Hof95] for the interpretation of dependent type theory, arising
from the fact that pullbacks are only determined up to (canonical) isomorphism. For
example, in the foregoing situation, given another substitution ® - ¢ : A, we obtain the
two-pullback diagram:

[, A(7)()] [A, A(y)] [T, A]

[®F AM)(O)] [AFAM)] [+ A]

[2] [A] [

[®F6:A] [AF~:T]
However, the composition of substitutions [A F v : T o [® F § : A] across the bottom is
the map [® F ~(d) : I'], and so there is another option for the vertical map on the left,
namely the single pullback:

[, A((6)] [T, A]

[®F A((9))] [TFA]

[@]

[®F6(v): T] Ir1

Since pullbacks are unique up to iso, there is of course a canonical isomorphism

[®, AW = [® A(v(9))]

over the base [®], but there is no reason for these two objects (and their associated pro-
jections) to be the same. To put the matter succinctly, the action of substitution between
contexts on dependent types is strictly functorial, but the action of pullback on slice cate-
gories is only a pseudofunctor.

The naive LCCC interpretation, with substitution as pullback, is thus only sound “up
to (canonical) isomorphism”. The problem becomes more acute in the case of intensional
type theory, where the interpretation of certain type formers is not even determined up to
isomorphism. We shall consider one solution to this problem in detail in Section [4.4] below.
For the remainder of this chapter on extensional type theory, however, we can continue to
work “up to (canonical) isomorphism” without worrying about coherence.

As was done for simple type theory in Section [2.5] we can also again develop the
relationship between the type theory and its models using the framework of functorial
semantics. This is now a common generalization of A-theories, modeled in CCCs, and
first-order logic, modeled in Heyting categories. The first step is to build a syntactic
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classifying category Cr from a theory T in dependent type theory, which we then show
classifies T-models in LCCCs. We omit the now essentially routine details (given the
analogous cases already considered), and merely state the main result, the proof of which
is also analogous to the previous cases. A detailed treatment can be found in the seminal
paper [See84].

Theorem 3.4.5. For any theory T in dependent type theory, the locally cartesian closed
syntactic category Cr classifies T-models, in the sense that for any locally cartesian closed
category C there is an equivalence of categories

Mod(T,C) =~ LCCC(Cr,C), (3.7)

naturally in C. The morphisms of T-models on the left are the isomorphisms of the under-
lying structures, and on the right we take the natural isomorphisms of LCCC' functors.

As a corollary, again as before, we have that dependent type theory is complete with
respect to the semantics in locally cartesian closed categories, in virtue of the syntactic
construction of the classifying category Cr. Specifically, any theory T has a canonical
interpretation [—] in the syntactic category Cr which is logically generic in the sense that,
for any terms ' s: Aand I' -t : A, we have

TFTrFu=t:A) < [TFu:A=[Ft:A]
— [-]ETkFs=t:A).
Thus, for the record, we have:

Proposition 3.4.6. For any dependently typed theory T,
TEFTkFu=t:A) if, andonlyif, CrETkFu=t:A).

Of course, the syntactic model [—] in Cr is the one associated under (3.7 to the identity
functor Cr — Cr, i.e. it is the universal one. It therefore satisfies an equation just in case
the equation holds in all models, by the classifying property of Cr, and the preservation of

satisfaction of equations by LCCC functors (as in Proposition [2.3.2)).

Corollary 3.4.7. For any dependently typed theory T,
THETFu=t:A) if, and only if, ME (CFu=t:A) for every LCCC model M.

Moreover, a closed type A is inhabited = a : A if, and only if, there is a point 1 — [A]M
i every model M.

Remark 3.4.8. In the current setting of extensional dependent type theory, soundness and
completeness with respect to inhabitation is actually to the same for equations, because
Fu=t:Ajustif - e:Eqy(u,t) for some (closed) term e, and similarly on the semantic
side.
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The embedding and completeness theorems of the previous chapter with respect to
general presheaf models, Kripke models, and topological and sheaf semantics can also be
extended to dependently typed theories. See [ARII, [Awo00] for details. The internal
language construction and Theorem associating a dependently typed theory with an
LCCC, also extend from simple to dependent type theory. Indeed, this is the main result
of [See84]. In view of this result, we hereafter move back and forth freely between syntactic
(i.e., type theoretic) and semantic (i.e., categorical) statements and proofs.

Exercise 3.4.9. In the internal logic of an LCCC &, show that the category of types in
context I' € & is equivalent to the slice category £/r. (Hint: use Eg-types.)

3.5 Inductive types

3.5.1 Sum types
Recall from Chapter [2] the following rules for sum types 0, A+ B in STT, with term-formers
I't, inlt, and inrt and [z.t, z.to]u.

1. The Introduction and Elimination rules are:

'la:A r'|b:B
['|inla: A+ B I'|inrb: A+ B

Clu:0 Fe:Als:C Ly:B|t:C F'Nu:A+B
I'|lu:C ' z.sytlu:C

2. The Computation rules are the following equations.

z2:Clz=lu:C [z.a,y.b](inls) = a[s/z] : C [z.a,y.b](inr t) = blt/y| : C

w=|r.inlz,y.inrylu: A+ B

v([x.s,y.t]u) = [zws,y.vtlu: D

To reformulate these in a form suitable for dependent types, we shall change the Elimi-
nation rule to allow for a type C' varying over the type being defined. The idea is that the
simple elimination rule for A+ B determines a (normal) function of the form A+ B — C,
while the dependent eliminator determines a “dependent function” z : A+ Bt s(z) : C(2),
i.e. a section s,
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We designate the former as recursion and the latter as induction, for reasons which will
be become clear shortly, but for now, one can think of C' — A 4+ B as a type-family or
“predicate” on A + B. Let us consider first the special of the “Boolean truth-values”
Bool =1+1.

The Booleans. As a special case of sum types, consider the following rules for the type
Bool = 1+ 1, with the obvious renaming of the term-formers (cf. [?, Section 5.1])

e Formation rule.
Bool type.

e Introduction rules.
false : Bool, true : Bool.

e Elimination rule.
x :Bool - C(x) type co : C(false) c1 : C(true)

x : Bool F indgee1(, ¢, ¢1) : C(x)
e Computation rules.
indpoo1(false, ¢, c1) = ¢ : C(false), indpoo1 (true, ¢, c1) = ¢p : C(true) ()
x :Bool t ¢(z) : C(x) type

(n)

x : Bool F indgeer1 (7, c(false), c(true)) = ¢(x) : C(x)
A basic property of dependent elimination rules is now the following.

Proposition 3.5.1. The n-rule can be derived from the other rules.

Proof. We use the dependent Eg-type for C(z) as follows:
By Eg-elim it suffices to show that there is a term

x :Bool ke : Eqp, (indgoo1 (, c(false), c(true)), c(z)) .
By Bool-elim it therefore suffices to have terms
€ : ch(false)(indBool(false, c(false), c(true)), c(false)),
ey : ch(true)(indBool(true, c(false), c(true)), c(true)).
But by the §-rules, we have

indgoo1(false, c(false), ¢(true)) =

indpoo1 (true, c(false), c(true)) =

(false)

c
c(true),
and so we can take
eo := refl : Eqq(saise) (c(false), c(false)) ,
e1 := refl : Equ(srpe) (c(true), c(true)) .

]
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Exercise 3.5.2. Formulate the corresponding dependent rules for sum types A + B and
prove the n-rule from the others.

Exercise 3.5.3. Assuming the dependent rules for sum types A + B, prove the simple
rules, including the n and distributivity computation rules.

3.5.2 Natural numbers

First, recall the following definition, which can be stated in any category with a terminal
object. It is usually stated with additional parameters, but this is not required in the case
of an LCCC (see |LS88] for a discussion).

Definition 3.5.4 (Lawvere [Law63]). A natural numbers object in an LCCC & is an object
N equipped with the structure 0 : 1 — N and s : N — N, and initial in the category of such
structures.

Spelling this out: given any object A € &£ together with morphisms a : 1 — A and
f:A— A there is a unique map
u:N— A,

making the following diagram in £ commute.

A

,1u

Of course, this is just a categorical way of stating the usual “definition by recursion”
property of the natural numbers. It can be shown to imply the usual Peano axioms in an
elementary topos (see |[LS88]).

In type theory, we can formulate the corresponding notion as an inductive type. Indeed,
the type Nat of natural numbers is the paradigmatic inductive type. The familiar rules for
Nat in simple type theory are as follows.

1 == A
|
1 > N

~

\
7

0 S

e Formation rule.
Nat type

e Introduction rules.

zero : Nat n : Nat - succ(n) : Nat

e Simple elimination rule.
C type co:C  x:Chke(x):C
n : Nat - rec(n,cy,c) : C

Note that in the conclusion we treat ¢ := Az : C.c(z) as a term of type C' — C.
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e Computation rules.

rec(zero,cy,c) =c¢y: C

rec(succ(n), ¢, ¢) = c(rec(n, cy,c)) : C

The function rec(, := An : Nat.rec(n,cp,c) : Nat — C then satisfies the usual
recursion equations:

TeC(q,c)(zero) = rec(zero, ¢y, ¢) = ¢o : C,
TeC(q,0)(succ(n)) = rec(succ(n), co, c)
= c(rec(n, ¢, )

c(recig,ep(n)) : C.

Note that this specification follows Definition of an NNO pretty closely, until we
come to the uniqueness of the function rec(c, ) : Nat — C. In order to show that rec(, ) is
the unique function satisfying the Computation rules, we would need to add an appropriate
n-rule (see Exercise below). Alternately, we can strengthen the elimination rule to a
dependent one, in order to allow the type Eqy,, to appear in the conclusion, as we did for
the example of Bool in Proposition [3.5.1 Such a dependent elimination rule corresponds
(under propositions as types) to the familiar rule of “proof by induction”: if for some
property of natural numbers P(n), we have P(0), and if P(n) implies P(n + 1) for all n,
then P(n) holds for all n. Reformulating this familiar principle in dependent type theory
with an explicit proof term for the inference from n to n + 1 results in a more powerful
recursion schema with parameters.

Dependent elimination. The rules for Nat in dependent type theory use the same
formation and introduction rules as above, but provide for eliminating into a type family,
parametrized by natural numbers.

e Dependent elimination rule.
n: Nat b+ C(n) type o : C(zero) n: Nat,z : C(n) F c(n,z) : C(succ(n))
n : Nat = ind(n, ¢o, ) : C(n)

Note that in the conclusion we now treat ¢ := An : Nat Az : C(n).c(n,z) as a term
of type Il,;.nat. C(n) — C(suce(n)).

e Dependent computation rules.
ind(zero, ¢g, ¢) = ¢ : C(zero),

ind(succ(n), co, ¢) = ¢(n, ind(n, co, ¢)) : C(succ(n)).

Proposition 3.5.5. In the classifying category Cnax with the dependent elimination and
computation rules just stated, the type Nat equipped with zero : Nat and succ : Nat — Nat
15 a natural numbers object.
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Proof. Let A be any type with a distinguished point a : A and an endo map f: A — A.
We need to find a unique map
u:Nat — A,

making the following diagram commute in Cyae.

1—2 47 44

T
1 > Nat > Nat

zero succ

We therefore require a term n : Nat - u(n) : A with:

u(zero)=a: A, (3.8)
n : Nat - u(succ(n)) = f(u(n)) : A.

In the (dependent) elimination rule, we can take C'(n) to be A (the constant family), and
¢ to be a, and for n : Nat,z : A we let ¢c(n,z) be f(z). In the conclusion we then obtain
n : Nat - ind(n,a, f) : A, which we take to be the required map u : Nat — A. The
computation rules then clearly provide the required equations .

We then use the equality type to prove uniqueness. Namely, suppose that we also have
n: NatF v(n): A with

v(zero) =a: A, (3.9)
n : Nat Fv(succ(n)) = f(v(n)) : A.
We wish to show u = v : Nat — Nat. By equality reflection, it suffices to show Eqy,, ,nat (4 V),
and by function extensionality (3.2.1)), it is therefore enough to show II,,.nat-Eqy,, (u(n), v(n)).

Thus we will be done by the following dependent elimination with C'(n) = Eqy,,(u(n), v(n)),
once we have found suitable terms ey and e(n, z).

eo : Eqya.(u(zero), v(zero))
n : Nat,z : Equ,(u(n),v(n)) F e(n, ) : Eqy,. (u(succ(n)), v(succ(n)))
n : Nat - ind(n, eg, €) : Eq,,(u(n),v(n))
But since u(zero) = a = v(zero) by (3.8) and (3.9)), we can take ey := refl. By the same,
we also have u(succ(n)) = f(u(n)) and v(succ(n)) = f(v(n)), and by the assumption
x : Eqq(u(n),v(n)) we have u(n) = v(n) and thus f(u(n)) = f(v(n)). So for e(n,z) we
can again take a suitable refl. ]

Conversely, we also have the following result:

Proposition 3.5.6. Let £ be an LCCC with a natural numbers object,
1 —25N—5N.

Then (N, 0, s) satisfies the Formation, Introduction, (dependent) Elimination, and (depen-
dent) Computation rules for the type Nat.
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Proof. The Formation and Introduction rules are immediate. For the Elimination rule,
suppose given an interpretation of the premises, namely: a dependent type [NF C] : C —
N, a section ¢y : 1 — 0*C' of the pullback of C' over 0 : 1 — N, and a map c as in the
following diagram:

C —— sC ——C
-
~N T

Then we have, equivalently, a commutative diagram:

c

—_
o)
o

~

-

0 s

:

—_
~

By the universal property of N as an NNO, there is a (unique!) section i : N — C
commuting with the NNO structure maps.

Taking [n : Nat - ind(n, ¢, ¢)] := ¢ then satisfies the dependent Elimination and Compu-
tation rules. (Why is ¢ : N — C a section of C'— N7) O

Remark 3.5.7. We shall see that, in dependent type theory, the foregoing two propositions
are typical of inductive types in general: a structured type (.5, s) is initial if and only if
every type family 7' — S equipped with the same kind of structure (7,t) over (S,s)
has a structure preserving section. We shall make this precise in terms of algebras for
(polynomial) endofunctors in the next section.

Exercise 3.5.8. Use the dependent rules for Nat to define the addition function + :
Nat x Nat — Nat in such a way that

m+0=m,
m + succ(n) = succ(m +n).
Exercise 3.5.9. Formulate a (simple) n-rule for Nat that allows one to prove the analog of
Proposition from just the simple elimination and computation rules (including your

new n-rule).
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3.5.3 Algebras for endofunctors

Let € be an LCCC with sums, and consider the endofunctor F' : £ — £ with F(X) = 1+X.
As usual, an algebra for F' is an object A equipped with a map a : F(A) — A, and a
homomorphism of F-algebras h: (A,a) — (B,b) is a map h : A — B commuting with the
algebra structure maps:

FA .y FB

al l’) (3.10)

In this particular case, such an algebra a : FA =14+ A — A corresponds to a unique
“successor algebra” structure a = [ag, as| where:

aop a
1 y A —— A,

and an F-algebra homomorphism is just a successor algebra homomorphism. It follows
that a natural numbers object is the same thing as an initial F'-algebra, i.e. an initial object
in the category F-Alg of F-algebras and their homomorphisms.

More generally, one can consider the category of algebras for any endofunctor F': £ —
&, but there need not always be an initial one, in light of the following fact.

Lemma 3.5.10 (Lambek). Given F : £ — &, ifi: F(I) — I is an initial F-algebra, then
the map © is an isomorphism.

Exercise 3.5.11. Prove Lambek’s lemma and conclude that not every endofunctor has an
initial algebra.

When an initial algebra does exists, it can be regarded as a generalized “inductive
type”, in view of the following.

Proposition 3.5.12. Let F' : € — &£ and let i : F(I) — I be an initial F-algebra. Let
p: C — I be a family over I with an F-algebra structure ¢ : FC — C making the following
diagram commute.

FC —— C

o

FI —— 1

Then there is a section s : I — C that is an algebra homomorphism.
Conversely, if a : FA — A is an algebra such that every algebra (C,c) — (A, a) over it
has an algebra section, then (A, a) is initial in the category F-Alg.

Proof. Since (I, 1) is initial, there is an algebra homomorphism A : (I,7) — (C,¢). Since ho-
momorphisms compose, poh : [ — [ is also one. But then poh = 1; since homomorphisms
from initial algebras are unique, and (7, ) is initial.
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Conversely, suppose every algebra over (A,a) has an (algebra) section, and let (B, b)
be any algebra. We need a (unique) algebra homomorphism w : (A,a) — (B,b). Consider
the projection p; : Ax B — A as an algebra over (A, a) with structure map (aF'py, bFps) :
F(Ax B) - AxB.

(aFp1,bFp2)

F(A x B) » Ax B
Fpll lpl
FA > A

a

Let s : A — A x B be an algebra section, so that u := p;os: A — B is a homomorphism.
We claim that v is unique. Indeed, given any homomorphism ¢ : A — B, consider the
equalizer e : E(t,u) — A, which of course is the pullback of the diagonal Ag : B — B x B
along the map (¢,u) : A — B x B. It will suffice to equip E(t,u) with an algebra structure
map ¢ : F(E(t,u)) — E(t,u) over a : FA — A, for then we shall have an algebra section
s : A — E(t,u), whence e : E(t,u) = A, and so t = u, since e : E(t,u) — A is the
equalizer.

a

We claim that a o Fe : F(E(t,u)) - FA — A precomposes equally with t,u : A — B,
which will suffice for €. But this follows by a chase around the following diagram, recalling
that t and u are homomorphisms, and te = ue.

e T

FA m > A
| [ | |-
FB » B

O

Exercise 3.5.13. Reformulate and prove Proposition [3.5.12] in dependent type theory,
using Eg-types for the equalizer.

Polynomial endofunctors. One class of endofunctors F' : Set — Set for which initial
algebras do exist are the (finitary) polynomial functors,

FX)=Cy+CixX+---+C,xX", (3.11)

where Cy,...,C, are sets and X* = X x...x X is the k-fold product. The endofunctor
1+ X for the natural numbers N was of course of this kind. An algebra (A, a) for e.g. the
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functor 1 + X + X2 will be a pregroup structure on the set A,
[ao,al,aQ] : 1—|—A—|—A2 —)A,

corresponding to an element ag € A, a unary operation a; : A — A and a binary operation
as : Ax A — A. We say “pregroup structure” to emphasize that no equations are required
to hold; this is just an interpretation of the “signature” of a group.

An algebra a : F(A) — A for the functor (3.11)) would thus be a “conventional” alge-
braic structure on A (in the sense of universal algebra) consisting of Cp-many “constants”
1 — A and Cj-many “unary operations” A — A, ..., and C,,-many n-ary “operations”
A" — A. Note that algebra homomorphisms in the sense of are just homomorphisms
in the usual sense of algebraic structures.

Proposition 3.5.14. Any finitary polynomial functor F : Set — Set such as (3.11]) has
an initial algebra.

An elementary proof would proceed by forming the “term algebra” A consisting of all
expressions of the form ac, (t1,...,t;), where ¢; € Cj, and the ) are “previously” formed
terms of the same kind. A more abstract proof (that also generalizes to other settings) is
as follows:

Proof. By [Awo10), 10.13], it suffices to show that F' preserves w-colimits, for then the
colimit of the sequence
0—=F0—=FF0—...

will be an initial algebra. The coproduct Cy + C; x X + --- 4+ C,, x X™ preserves all of
the colimits preserved by the monomials Cy, x X*, and each of these preserves the colimits
preserved by the functor X* = X x...x X, which includes the filtered ones like w. O

The proof obviously generalizes to a much larger class of endofunctors, including ones on
categories other than Set (see e.g. [Awo10, 10.14]). Rather than pursuing this topic further,
however (for which, see [AR94]), we want to consider a type-theoretic reformulation that
captures a range of inductive types with good properties. Let us first apply Proposition
[B.5.12 and state the resulting rules for an initial algebra of a polynomial functor, for
example:

F(X)=A+BxX+0xX?,

as a simplified version of (3.11]) (the general case will be covered below). Let us write
s : F(I) — I for an initial F-algebra (assuming it exists). Then we have the following
rules:

The assumption that the initial algebra exists takes the form:

e [-formation rule.
A type B type C type

I type
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And I also will come with an algebra structure s : F'(I) — I, given by:
e [-introduction rules for the operation s : A+ BxI 4+ CxI1? — 1,
a:A b:B,i: 1 c:Cui:1,5:1
so(a) = 1 s1(b,1) : 1 solc,i,5) 1

We also have an induction principle, as in Proposition|3.5.12} for any F-algebra f : F(X) —
X over F(I) — I:

e /-elimination rule.

i: 1+ X(i) type

a:A F fola) : X(so(a))

b:B,i: I, z:X(i) F fi(b,x): X(s1(b,i))

c.C’, z,j.[,x.X() y:X(j) F fole,z,y) : X(sa2(c, i, 7))

i:[l_rec(lvf07flaf2): (7’)

And, of course, there is a computation rule, resulting from first introducing and then
eliminating, which says that the following diagram commutes.

x)—1 4 x

F(
(] [

FI ————— I

e [-computation rules.

a: A Frec(so(a), fo, f1, f2) = fola): X(s(a)),
b:B,i: I trec(si(bi), fo, fi,f2) = fi(b,rec(i, f)): X(s1(b,7)),
c:C i,5:1 Frec(ss(ei,j), fo, [1,f2) = falc, rec(@,f) rec(J, f)) : X (s2(e,i, 7)) -

Exercise 3.5.15. Specialize the foregoing to the case F'(X) =1+ X and derive the rules
for Nat from Section B.5.21

3.5.4 W-types

The rules just given for initial algebras for polynomial functors are a bit unwieldy as the
degree of the polynomial F' increases, but they simplify when stated in a more general
form, which can actually be applied in any LCCC &£. Indeed, let p : B — A be any map
in &, regarded as a type family a : A+ B(a). We can form the (generalized) polynomial
endofunctor P : £ — & as:

P(X) = Yo XB@ = Aop,o B*(X), (3.12)
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as indicated in the following:

X «+— XxB P(X)
B 5 > A

Observe that B* = p* o A*, so that
EAp* B* (X) = ZAp*p*A*(X) = 2A<A*X)p,

which justifies the polynomial notation ,4X?5@ since the type B(a) is the fiber of
p:B— Aata: A

Definition 3.5.16 (cf. [MP00]). A (semantic) W-type in a locally cartesian closed category
£ is an initial algebra for a polynomial endofunctor P : £ — & associated to a map
p: B — A, asin (3.12).

We shall see that W-types can be used to introduce a wide class of inductive types in
dependent type theory. The following rules for W-types are due to [?]. To state them more
perspicuously, for a fixed type family = : A+ B(z) we may write W instead of W,.4B(x).

e W-formation rule.
A type x:AF B(x) type

W..4B(z) type

e W-introduction rule.

a:A t:B(a) > W
wsup(a,t) : W

e W-elimination rule.
w: Wk C(w) type
z:A uw:B(x) =W, v:1l,pu Culy) F c(z,u,v): C(usup(z,u))
w: Wk wind(w, ¢) : C(w)

e W-computation rule.
w: Wk C(w) type
z:A u:B(x) > W, v: Il Culy) F c(z,u,v): Clusup(z,u))

x: A u: B(r) > Wk wind(wsup(z,u),c) =
c(x,u, \y.wind(u(y), c)) : C(wsup(x,u))
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Informally, the W-type for a family x : A F B(z) can be regarded as the free algebra
for a signature with A-many operations, each of (possibly infinite) arity B(a) — and no
equations. Indeed, the premisses of the formation rule above can be thought of as specifying
a signature that has the terms a : A as the operations themselves, and (the cardinality of)
the type B(a) as the “arity” of a : A. Then, the introduction rule specifies an element of
the free algebra, namely wsup(a,t) : W, where ¢ : B(a) — W. The elimination rule then
states that W is the initial algebra of the assocated polynomial functor ¥,.4 X B,

Proposition 3.5.17. An object W satisfies the rules for W-types if, and only if, it is an
initial algebra for the polynomial functor P(X) = Y,.4 XP@,

Proof. We use Proposition Suppose W satisfies the rules for W types above. From
the introduction rule, we have a P-algebra structure wsup : P(W) — W. Let C' — W with
a P-algebra structure ¢ : P(C') — C over wsup : P(W) — W. This is exactly what the
premises of the elimination rule say, so by the conclusion of that rule there is a section
w: W F wind(w, ¢) : C(w), which is a P-algebra homomorphism by the computation rule.
The converse is left as an exercise. [

Exercise 3.5.18. Complete the proof of Proposition [3.5.17]

Remark 3.5.19 (cf. [AGS17]). The foregoing (dependent) W-elimination rule implies what
may be called the simple W-elimination rule:

C type r:Awv:Bx) = CkFelz,v): C
w: Wk wrec(w,c) : C

This can be recognized as a recursion principle for maps from W into P-algebras, since the
premisses of the rule describe exactly a type C' equipped with a structure map ¢ : PC — C.
For this special case of the elimination rule, the corresponding computation rule again states
that the function

Aw.wrec(w,c) : W — C',

where ¢(z,v) = ¢((z,v)) for z : A and v : B(z) — C, is a P-algebra homomorphism.
Moreover, this homomorphism can then be shown to be (definitionally) unique, using Eq-
types, the elimination rule, and the reflection rule, as in the proof of Proposition
The converse implication also holds: one can derive the general W-elimination rule from
the simple elimination rule and the following n-rule.

C : type w: Wk h(w): C
x:Awv:Bx) = CFe(z,v): C
x:A,u: B(x) > WFE h(wsup(z,u)) = c(z, \y.hu(y)) : C

w:WF h(w) = wrec(w,c) : C

This rule states the uniqueness of the wrec term among algebra maps. Overall, we therefore
have that induction and recursion are inter-derivable in the present theory with extensional
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Eg-types:
Induction <  Recursion
Dependent elimination Simple elimination
Dependent computation Simple computation + n-rule

Examples of W-types. We conclude by noting that many familiar inductive types can
be reduced to W-types. We mention the following examples, among many others (see [?],

(2, 170, 120, 120, [7D):

1. Natural numbers. The usual rules for Nat as an inductive type can be derived from
its formalization as a W-type. Consider the signature determined by the map inl :
1 — 141 (say): it has two operations, one of which has arity 0 and one of which
has arity 1, since these are the pullbacks of the map inl : 1 — 1 4 1 along the two
points 1 = 1 + 1. To present this in type theory, we need a type family over Bool
(say) with the types 0 and 1 as its values. Consider the family

v : Bool I Eqy,,; (v, true) type,
which has the values:

1 v =true

EqBOOl(U?true) = {0 v = false

Indeed, one can show that the projection 3,.p001EQg,,; (v, true) — Bool is isomorphic
to the map true : 1 — Bool over Bool.

The corresponding polynomial functor can then be defined as

P(X) = Yy:Bool EqBool(U, true) — X
=1+ X.

The corresponding W type is then the initial algebra of P(X) =1+ X, namely the
type Nat of natural numbers,

Nat = W, 5001 Eqg,; (v, true).

The canonical element zero : Nat and the successor function succ : Nat — Nat result
from the two cases of introduction rule,

b : Bool t : EQgoq (b, true) — Nat

wsup(b, t) : Nat

namely:
false : Bool t : (Eqg,,; (false, true) — Nat)

wsup(false,t) : Nat
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and
true : Bool t : (Eqg,,, (true, true) — Nat)

wsup(true,t) : Nat

Thus we can take

zero := Mt.wsup(false,t):1 — Nat,
succ := At.wsup(true,t) : Nat — Nat.

2. Second number class. As shown in [?], the second number class can be obtained as a
W-type determined by the polynomial functor

P(X) =14 X + (Nat — X).

This has algebras with three operations, one of arity 0, one of arity 1, and one of
arity (the cardinality of) Nat.

3. Lists. The type List(A) of finite lists of elements of some type A can be built as a
W-type determined by the polynomial functor

P(X)=14AxX,
associated to the map |+ A: 0+ A — 1+ 1. We refer to [?] for details.

Exercise 3.5.20. If a signature for an algebraic theory has no constants, then the free
algebra on the empty set 0 will itself be empty, as can be seen by considering the term
algebra construction of the free algebra F'(0). Something similar is true for W-types (say,
in Set): if p: B —» A is an epimorphism, then P(0) = 3,4 05 2 0, and so W,.4 B(a) = 0.
Prove this.

3.6 Propositional truncation

Even under the Propositions-as-Types (PaT) conception there are certain types P that are
proof irrelevant in the sense that for any p,q : P, we have Eqp(p, ¢) (meaning that we have
a term ¢ : Eqp(p, q), and so p = ¢). For example, the type 1 has this property, as does 0.
Let us call this such special types propositional, which is definable by

IsProp(P) = II,,prEqp(p,q).
This condition is equivalent to P = P x P.

Exercise 3.6.1. Prove this: a type P is propositional if and only if P = P x P (canonically)
and, moreover, if and only if the unique map P — 1 is a monomorphism.

The propositions are easily seen to be closed under finite products P x @), and if
x: X F P(x) is a family of propositions, then II,.x A(z) is also a proposition. Finally, if P
is a proposition, then so is A — P for any A.
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Exercise 3.6.2. Prove the last three statements.

It therefore makes sense to expect that for any type A, there could be a universal
propositional approximation p : A — P4, with the universal property that every map
A — P with P a proposition factors (uniquely) through p: A — P4, as in:

A—— P
Py

This is equivalent to saying that for any proposition P, the map P? : PP4 — P4 induced
by precomposing with p : A — P4 is an iso. When it exists, we shall call such an object a
propositional truncation of A, and denote it by A — [A].

Definition 3.6.3. Given a type A, a propositional truncation of A is a type [A] equipped
with a map A — [A] such that, for any proposition P, the canonical precomposition map

pA — pA
is an isomorphism.

Example 3.6.4. In a category of presheaves Set®” the propositions are exactly the sub-
objects of 1, by Exercise|3.6.1, But since every map A — B in presheaves can be factored
into an epi followed by a mono A — M — B, every object A has a propositional trunca-
tion A — [A] — 1. Moreover, since these factorizations are stable under pullback (C is
regular), the propositional truncation operation [A] commutes with pullback, in the sense
that for B — 1 we have B*[A] = [B*A]. More generally, for any f : ¥ — X and any
A — X, we have

AT =117,
as in the following diagram,
ffA—— A

L2

[f*A] — [4]
! |

as is seen by applying the foregoing remark to the presheaf category @/ x = fc X.

The “stability under pullback” of the operation A +— [A] means that it can be added
to dependent type theory as a new type former, because it exists in any context and
commutes with substitution. We shall formulate rules for [A] in the next section [3.6.1]
The propositional truncation [A] of a type A may be regarded as “erasing (or ignoring)
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the (computational) content” of A and treating it as a “mere truth-value”: either A is
inhabited or not, and all inhabitants a : A are identified.

The reg-epi/mono factorizations in a regular category fit into an orthogonal factoriza-
tion system in the following sense.

Definition 3.6.5. An orthogonal factorization system on a category C consists of two
classes of arrows (E, M) such that:

1. The classes of maps E,M C C; are closed under isos in the arrow category.

2. Every map f: A — B factors f = moe into e € E followed by m € M,

A f s B
C

3. Given any commutative square with an E-map on the left and an M-map on the right,

A——B

| ]
C——D
there is a unique diagonal filler (as indicated) making both triangles commute.

Exercise 3.6.6. Show that the epimorphisms and monomorphisms form an orthogonal
factorization system on the category Set. Infer that the same is true for any presheaf
category Set®”.

3.6.1 Bracket types
The rules for bracket types [A] in dependent type theory are as follows (cf. [?, ?]):

e Formation rule.

A type
[A] type
e Introduction rules. 4 A a:[A] b:[A]
la| : [A] eq(a,b) : Eq(a, b)

e Elimination rule.

z: [A]F C(z) type x: AFc(x): C(|x])
A u:Clz]), v C(lz]) B plz,u,v) t Eqp)(u,v)

z: [AlF ind(z,¢,p) : C(2)
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e Computation rule.
x: At ind(|z|, ¢, p) = c(z) : C(|z|)

The Computation rule can be understood semantically as stating that, when it exists,
the section z : [A] F ind(z, ¢, p) : C(2) makes the following diagram commute.

O .
/’ l’}lnd
A= A

And the Elimination rule states that such a section exists if any u,v : C(|z|) are always
equal, so that C'(z) is a family of propositions.
The simple rules are perhaps easier to understand:

e Simple Elimination rule.

P type r: Ak p(z): P u: P, v:PkF q(u,v):Eqp(u,v)
z: [A]F rec(z,p,q) : P

e Simple Computation rule.

x: At rec(lz|,p,q) =p(z): P

The Simple Computation rule states that, when it exists, the map z : [A] b rec(z, p, q) :
P makes the following diagram commute.

i

And by the Simple Elimination rule, such a map z : [A] I rec(z,p, q) : P exists whenever P
is a proposition. Taken together with the Introduction rule, which says that [A] is always
a proposition, this clearly states that the inclusion ¢ : Props < Types of the propositions
into the types has the propositional truncation operation [—] as a left adjoint.

Props «—— Types [—] 4
~_ —
(-]
Exercise 3.6.7. Prove the adjointness between the inclusion of propositions into types and
the propositional truncation operation. Why doesn’t one need to add an n computation
rule to the simple Elimination rule to get the uniqueness of the eliminator required for the
adjunction?
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3.6.2 Propositions as [types]
In dependent type theory with the type-forming operations
07 ]-7 [A]a A + B7 EqA) Ha::ABa Zx:AB

the propositions in every context model intuitionistic first-order logic (IFOL), under the
following definitions:

T =1
1 =20
GAD = $x
SV = 6+
b= = d—
-0 = ¢—0 (3.12)

Ve :A. ¢ = Ila0
Jr:A ¢ = [Bpad
r=y = Equ(v,y)

The bracket is thus used to “rectify” the operations + and ¥, because they lead out
of propositions. The operations defined in satisfy the usual rules for intuitionistic
first-order logic, and the resulting system is then a hybrid of dependent type theory with
first-order logic over each type. It can be described categorically as the internal logic of a
regular LCCC with finite sums. This formulation is equivalent to the more customary one
using both type theory and predicate logic (such as in [?]), despite the fact that the first-
order logical operations on the propositions are here defined in terms of the type-theoretic
operations on types, rather than being taken as primitive.

In addition to first-order logic, one can also use brackets to define subset types. For any
type I,z : A B, the associated subset type

I'H{z:A|B}

is defined by
{z:A|B} =%,4[B(z)].

Semantically, this can therefore be modeled by the image factorization:

Sia B(z) =— B
| |
{z:A|B} = [B]
! !
A=——=A

This hybrid logic of dependent types with first-order logic over each type is a very
expressive system, and is used in many modern settings [Unil3], 7, ?].
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3.6.3 Completeness of propositions as types

We can use bracket types to compare conventional first-order logic with the propositions-
as-types interpretation, and relate first-order provability to provability in dependent type
theory (without brackets). Consider the standard propositions-as-types translation of first-
order logic into type theory:

x: FOL — DTT

For a single-sorted first-order theory T, consisting of constants, function and relation sym-
bols, the x-translation is determined by first fixing the translations of the basic sort of
individuals, and the constants, function and relation symbols. The rest of the translation
is then determined inductively in the expected way, using the type-forming operations in
place of the corresponding logical ones.

For example,

(Vx3Jy. R(z,y) V P(x))" = Il Xy R (z,y) + P*(x),

where [ is a basic type representing the domain of “individuals” (which is usually implicit
in FOL), and the dependent types x : I = P*(z) and = : I,y : [ = R*(x,y) interpret the
relation symbols P and R.

If we then add a constant a : a* for each axiom «, the translation ¢* of a provable,
closed formula ¢ is then inhabited by a closed term, that is obtained from a straightforward
translation of the IFOL proof of ¢ into type theory (recalling that the rules of type theory
are proof-relevant versions of those of IFOL).

Thus we have:

IFOL(T) F ¢ implies DTT(T) F ¢, (3.13)

where by DTT(T) F ¢* we mean that the type ¢* is inhabited in dependent type theory
enriched with the basic types and constants needed for the translation *, and with constants
inhabiting the translations of axioms of T. We emphasize that we are not using the defined
operations , but rather the standard “PAT” ones.

The question we want to consider now is the converse implication: if ¢* is “PAT-
provable”| i.e. inhabited in DTT(T), must ¢ be provable in the intuitionistic first-order
theory T? Note that functions of higher types may be used in a term inhabiting ¢*, so this
is not merely a matter of tracing out proofs in first-order logic from those in DTT, as was
the converse case.

Proofs of partial converses of , for different fragments of first-order logic, have
been given by Martin-Lof (V, = in [?]), Tait (V, —, 3, A, = in [?]), and Constable (V, —
, 3, A, V, = in [?]). These results are for type theory with no equality types, and proceed
from proofs of normalization. We state a result below that applies to type theory with
(extensional) equality and a large fragment of first-order logic. The proof uses the bracket
types translation.

Definition 3.6.8. A formula 1 in first-order logic with equality is stable when it contains
neither V nor =, but negation — is allowed as a special case of =. A first-order formula ¢
is left-stable when in every subformula of the form ¥ = 1, the formula ¥ is stable.
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Theorem 3.6.9. If ¢ is left-stable, then
DTT(T) F ¢* implies IFOL(T) F ¢.

For the proof, see [?].

Finally, observe that every first-order formula ¢ is classically equivalent to one ¢* that
is stable. The stabilization ¢° of ¢ is obtained by replacing in ¢ every Vz.9 and 9 = 1
by —3z. = and (¥ A =), respectively. The equivalence ¢ < ¢° holds intuitionistically
if @ = ¢ is the double-negation translation of a formula . Therefore, the stabilized
double-negation translation

(077)°
takes a formula ¢ of first-order logic with equality to a stable one, for which provability in
IFOL is equivalent to classical provability (in CFOL),

CFOLF ¢ if and only if IFOLF (¢77)°.

If we further compose the (——s)-translation with the propositions-as-types translation x,
we obtain a translation

¢" = ((¢7))
which takes formulas of (classical) first-order logic into dependent type theory, in such a
way that every formula ¢ is classically equivalent to one covered by Theorem [3.6.9,

Corollary 3.6.10. The translation ¢ — ¢T of first-order logic with equality into dependent
type theory is sound and complete, in the sense that for every formula ¢,

CFOLF ¢ if and only if DTTF ¢*.
Here DTT = ¢ means that the type ¢ is inhabited.

Remark 3.6.11 (Thierry Coquand). The following formula is not provable in intuition-
istic first-order logic, but its x-translation is inhabited in dependent type theory, by an
application of the axiom of choice.

(Vz3y. R(z,y)) = Vo, 2’ 3y, ¢ . (R(z,y) AR Y)AN (z =2" =y =1)).

Theorem therefore cannot be extended to full intuitionistic first-order logic.
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Chapter 4

Homotopy Type Theory

The extensional dependent type theory of the previous chapter is in some ways a very
natural system that admits an intuitively clear model in the locally cartesian closed cat-
egory of sets and related categories. But for computational purposes, and specifically for
the important application of type theory to proof checking in a computer proof assistant
such as Agda or Lean, it has some serious defects: the equality relation between terms
(or types) is not decidable: there is no algorithm that will determine whether two closed
terms of a given type s,t : A are (judgementally) equal s = ¢ : A. Indeed, there is no
normalization procedure for reducing terms to normal forms—otherwise we could use it to
decide whether two terms were equal by normalizing them and then comparing their nor-
mal forms. Relatedly, one cannot effectively decide whether a given type (e.g an equality
type such as Eq 4 (s,t)) is inhabited (which would be a decision procedure for the provability
of s =4 t), even given a candidate “proof term” p : Eq,(s,t) (which would be a decision
procedure for being a proof).

For this reason, the extensional system is often replaced in applications by a weaker
one, called intensional type theory, which enjoys better computational behavior, such as
decidability of equality and type-checking, and normalization. A good discussion of these
and several related issues, such as canonicity and consistency can be found in Chapter 3
of the book [AG].

However, this is only one side of the story. The intensional theory was mainly a tech-
nical device for specialists in computational type theory (and a conceptual challenge from
the semantic point of view) until around 2006, when it was discovered that this theory
admitted a homotopical (and higher-categorical) interpretation, which led to the discovery
of Homotopy type theory (HoTT) [Awol2]. This interpretation not only helped to clarify
the intensional theory, and prove useful in investigating its computational properties, but
also opened up a wide range of applications outside of the conventional areas of type the-
ory, vis. computational and constructive mathematics. For, quite independently of such
applications, the homotopical interpretation permits the use of intensional type theory as
a powerful and expressive internal language for formal reasoning in homotopy theory and
higher category theory, both highly abstract areas of mathematics, for which new and rig-
orous tools for calculation and proof are quite welcome. Moreover, the fortuitous fact that
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this system also has the good computational behavior that it does has led to the use of
computational proof assistants in homotopy theory and higher category theory, even ahead
of some more down-to-earth branches of mathematics, where such exotic semantics were
not needed.

The homotopical interpretation was already anticipated by a 2-dimensional one in the
category of groupoids, a special case of a higher categorical model that already suffices to
make some of the essential features of such models clear. Thus we shall briefly review this
model below, after introducing the intensional theory, and before considering the general
homotopical semantics using weak factorization systems. Such “weak” interpretations also
bring to a head the coherence issues that we deferred in the previous chapter, and we
conclude with one approach to strictifying such interpretations using natural models, aka,
categories with families.

4.1 Identity types

We begin by recalling from Section [3.2]the rules for equality types in the extensional system:
The formation, introduction, elimination, and computation rules for equality types were
as follows:

s A t: A a:A
s=41 type refl(a): (a =4 a)
p:s=4t p:s=apt
s=t: A p=refl(s): (s=as5)

The Identity types in the intensional theory, also written =4 y, or sometimes Id4(z,y),
have the same formation and introduction rules as the Equality types, but the elimination
rule of “equality reflection” is replaced by the following elimination rule:

x: Ay Az Ida(z,y) F C(z,y, 2) type, r: Al c(x): Clx,z,refl(z))
rx:Ay: A z:Ida(x,y) F I(x,y,2,¢) : C

in which the variable x is bound in the occurance of ¢ within the eliminator J. The
associated computation rule then becomes:

x:AF J(x,x,refl(z),c) = c(x) : C(x,z,refl(z))

In HoTT, the elimination rule is called path induction, for reasons that will become clear.

To see how the elimination rule works, let us derive the basic laws of identity, namely
reflexivity, symmetry, and transitivity, as well as Leibniz’s Law the indicernibility of iden-
ticals, also known as the substitution of equals for equals.

e Reflexivity: states that x =4 y is a reflexive relation, but this is just the Id-formation
and intro rules:

r:Ay: Az =4y type, r:Abrefl(z):x =42
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e Symmetry: can be stated as x : A,y : A,u:x =4 yF 7?7 :y =4 x, which can be
proved with an Id-elim as follows:

x:Abrefl(x):x=px

x: Ay Auz=4yF J(x,y,u,refl) iy =4 x
e Transitivity: we wish to show
x Ay Az Aux=,yv:y=22z7:0=42

regarding z : A as a fixed parameter, which we can move to the front of the context,
we want to apply an Id-elim with respect to the assumption u : x =4 ¥y, so we can
set x to y, and look for a premiss of the form:

z: Ay Aviy=42F7y=42

We cannot simply take v, however, since the order of the types in the context is still
wrong for Id-elim, but we can move the assumption v : y =4 2z to the right with a
A-abstraction to obtain

z: Ay AE dwiy=42z—>y=a2,

and now we can apply the planned Id-elim with respect to v : * =4 y with the
“motive” being y =4 2 — x =4 2 to obtain

z: Ay Az Auz=2yt J(z,y,u,\vv) i y=42—>T =42
from which follows the desired
x: Ay Az Auix=2yv:y=42F Iz, y,u, \vv)v:zr=4 2.
e Substitution: to show

z:AF C(z) type
r: Ay Auz=,29yF7:C(z) = Cly)

it suffices to have a premiss of the form
r:AFc(x): C(z) = C(2)
for this, we can take c¢(z) = Az : C(x). 2z : C(z) — C(x) to obtain
r: Ay Auz=42yF Jx,y,u,z. 2z : C(x).2) : C(z) = C(y) .
Note that the variable x is bound in the J term.

[DRAFT: May 10, 2025



120 Homotopy Type Theory

Many more properties of Id-types and their associated J-terms are shown in the in-
troductory texts [?, [Rij25]. One key fact is that the higher identity types Idrq, () (P;q)
are no longer degenerate, but themselves may have terms that are non-identical, i.e. not
propositionally equal, leading to so-called higher types. This “failure of UIP” (uniqueness
of identity proofs) in the intensional system was first shown using the groupoid model,
which sheds considerable light on the intensional system.

Exercise 4.1.1. Show that given any a,b,c : A and p : a =4 band q : b =4 ¢, one
can define a composite p- ¢ : a =4 ¢ (using the transitivity of =4). Then show that, for
any p : a =4 b, the symmetry term o(p) : b =4 a satisfies the (propositional) equation
o(p) - p = refl. Is either of o(p) - p = refl or refl - o(p) = refl judgemental? What
about associativity of p - ¢

Exercise 4.1.2. Show that p- ¢ from the previous exercise is (propositionally) associative.

Exercise 4.1.3. Show that any term f: A — B acts on identities p : @ =4 b, in the sense
that there is a term ap(f)(p) : fa =p fb. Is ap(f) “functorial” (in the evident sense)?

Exercise 4.1.4. Observe that the Substitution property means that the assignment
(a:A)— C(a) type

is functorial (in some sense). Is it strictly functorial?

4.1.1 The naive interpretation

We can try to interpret the (intensional) identity types in the naive way, as we did for
extensional dependent type theory. This would give the formation and introduction rules
as a type family Idy — A x A with a partial section over the diagonal substitution
da:(z:A) = (x:Ay:A).
Id4
> b

A—— Ax A
oA

where we are writing Id4 for the extended context (A, A,Id4) and p for the dependent
family (z: A,y : AF Ida(x,y)). The elimination rule then takes the form:

A——C

refll J7 l (4.1)

Id, Ids

for any type family C' — Idu, with the computation rule asserting that the top triangle
commutes (the bottom triangle commutes by the assumption tht J is a section of C' — Idy).

[DRAFT: May 10, 2025



4.2 The groupoid model 121

But now recall that in extensional type theory, any map f : B — A can be regarded
as a type family over A, namely by taking the graph factorization

B = EQ;AEb;BEqA(CL, fb) — B x A.

So we can take the family C' in the elimination to be refl : A — Id4, to obtain:

A A
o
refll J lrefl
Td, Td,

We therefore get an iso A = Id,, making the identity type isomorphic to the extensional
equality type Eq, = A — A x A.

Exercise 4.1.5. Prove that in the extensional theory, the graph factorization does indeed
make any map f : B — A isomorphic to a family of types over its codomain. Hint:
Consider the following two-pullback diagram.

Z]a:AZ]b:BEqILX(av fb) I A

L

AxBA—Xf>A><A
pal - lpz
B 7 > A

4.2 The groupoid model

Exercises - from the last section suggest an interpretation of the intensional
version of dependent type theory, namely with types as groupoids and type families as
functors. Such an interpretation was first given by [HS98] in order to show that the
principle of Uniqueness of Identity Proofs (UIP) — which holds in the extensional theory —
indeed fails in the intensional one. We shall briefly sketch this result here.

In order to give a model of intensional type theory we should define what it means to
be be a model of (intensional) type theory. We will do this in section below — for now
we simply describe a single model in the category Gpd of groupoids, which will turn out
to be an instance of the general notion. For the extensional theory, we defined a model
simply to be an interpretation into an LCCC &, with contexts I' interpreted as objects of
&, substitutions o : A — I' as arrows of &, type families I' - A as objects of £/r, and
terms [' - a : A as sections of the associated families. Substitution into families and terms
was (weakly) interpreted’ as pullback (in the sense that there was an unresolved coherence
issue), and the ¥ and II type formers were adjoints to pullback. Finally, the equality type
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x: Ay AF Equ(z,y) was interpreted as the diagonal A — A x A.

(v:Ayy: Az Eqy(z,y)) A

! |

(z:Ay: A) =———— Ax A

We may simplify the notation for category of contexts by using X-types, writing e.g. (z :
Ay A z:Equ(r,y)) = XpaXy.aEq(x,y) or even Eqy, and (z: A,y : A) = A x A, etc.
The groupoid interpretation of the intensional theory is based on the idea that the

identity type of a type (interpreted as a groupoid) G can be interpreted by the path groupoid
of G, which we shall write as G'.

Definition 4.2.1. If the groupoid G = Gy = G has objects GGy and arrows G, the path
groupoid G' = (|(G")!| = |G'|) has as objects |G'| = G, and as arrows |(G")!| the set of all
commutative squares in G, with the obvious source and target maps.

In other words, the path groupoid is the arrow category G*. Recall that the category
Gpd of (small) groupoids is a cartesian closed subcategory of Cat, and that there is a
walking arrow groupoid | with exactly two objects and two (mutually inverse) non-identity
arrows,

| - (0 1)

The notation G' for the path groupoid is then correctly the exponential of G by | in Gpd (and
in Cat). Observe that there are functors dom,cod : G' = G, as well as one id : G — G/,
making G' = G into an internal groupoid in Gpd, for any object G. This will be our
interpretation of the identity type of the type interpreted by G.

More formally, we interpret:

e Contexts I': groupoids, i.e. objects of Gpd,
e Substitutions ¢ : A — I': homomorphisms of groupoids, i.e. arrows of Gpd,
e Types I' - A: functors A : G — Gpd, where G interprets I,

e Terms I' F a : A: natural transformations a : 1 — A between functors, where 1 is the
terminal functor in Gpd®,

e Context extension (I', A) — I': the Grothendieck construction [ A — G.

In order to model the type formers X, II, etc. of intensional type theory in Gpd, we
must deal with the fact that Gpd is not locally cartesian closed, although it is cartesian
closed. Recall that in order to model extensional type theory in presheaves we used the
fact that Set®” is always a CCC and that for any P € Set® we have an equivalence

Cor POP
Set™/p ~ Set/T”"
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and thus every slice is also a CCC. For groupoids, something similar is the case, but instead
of the full slice category Gpd/G we use the subcategory of fibrations Fibg <— Gpd/G, for
which we have an equivalence

Fibg ~ Gpd® ~ Gpd(Set®™),

Since the proof that Gpd is a CCC doesn’t depend on the classical logic of Set, the category
of internal groupoids in a topos like Set®” is also a CCC. Thus we have that Fibg is a CCC
for any groupoid G.

Definition 4.2.2. A (split op-) fibration of groupoids p : A — G is a functor satisfying
the condition: for every a € A and 7 : pa — g there is given a “lift” {(a,v) : a — § with
p(€(a,v)) = p, and moreover,

1. la,1p,) =10 —a,

2. for v/ : g = p(g) — h, the lift of the composite is the composite of the lifts:

l(a,” o) =L(G,7")olla,y):a—h.

Proposition 4.2.3. The category Fibg of fibrations of groupoids and functors f : A — B
over G that preserve the lifts is equivalent to the functor category Gpd®©.

The interpretation of the context extension (I',A) — T'is to be projection [ A — G
given by the Grothendieck construction, and this is indeed a fibration of groupoids. Indeed,
the functor taking A : G — Gpd to fG A — G mediates the equivalence [ : Gpd® ~ Fibg.

For the base change functors along a fibration p : A — G, we then have left and right
adjoints as follows:

A Gpd® — Fibs

Pl p*T 2(14’:)11
g

G Gpd® ——— Fibg

To show this, it needs to be shown that:
1. the pullback of a fibration is a fibration,
2. the composite of fibrations is a fibration,

3. there is a push-forward fibration of a fibration along a fibration, which is right adjoint
to pullback.

The proof uses the CCC structure in the categories Fiby ~ Gpd* ~ Gpd(Set*) and is similar
to the proof of the LCCC structure for a category of presheaves.
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Identity types

To interpret the Id-type of a type (interpreted as, say) A = (A; =% Ap) in Gpd (or indeed
in any relative version Gpd(Set®)), we shall use the path groupoid

Ida =A' 5 AxA,

which is easily seen to be a fibration, and therefore corresponds to a functor Id, : A X A —
Gpd, namely that with discrete groupoids as its values:

Ida(a,b) ={p:a— b} C A;.

Note that for two objects a,b € A there may be many different arrows f : a — b in
Id4(a,b), but for two such parallel arrows f,g : @ = b in A, regarded as objects in the
path groupoid Id, = A!, there need be no arrow between them in the (discrete) groupoid
Ida(a,b); and indeed, there will be one (which is then unique) just if f = ¢g. Thus we will
have the desired violation of UIP, once we have shown that this interpretation satisfies the
rules for intensional Id-types.

To show that, consider the diagram below, which we have already encountered as
([4.6.2). We take any fibration p : C — Ida and any section ¢ : A — C over the insertion of
identity arrows into the path groupoid refl : A — Al = Idy, and we need a diagonal filler
J.

Since the diagram commutes by assumption, for any a € A we have pca = 1,. Let
« :a — b be any object in Id4 = Al and observe that there is always an arrow y, : 1, = «a
in Id4 = Al, namely x, = (1,, ).

1a

1q «a

QL

—a
Xa
— b
Since p : C — Ida is a fibration, there is a lift /(ca, x,) : ca — &. We then set
J(a)=a
to obtain a functor J : Ida — A making the two triangles in the diagram commute.

Exercise 4.2.4. Prove this!

Exercise 4.2.5. Show that the composition of fibrations B — A and A — G is a fibration.
(This will be used for the interpretation of the type I' - ¥2B, where I' - A and T, A+ B.)
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4.3 Weak factorization systems

We can axiomatize the features of the groupoid model that allowed us to model intensional
type theory using the notion of a weak factorization system, which is important in axiomatic

homotopy theory. This is a weakening of the notion of an orthogonal factorization system
from Definition [3.6.5

Definition 4.3.1. An weak factorization system (wfs) on a category C consists of two
classes of arrows (L, R) such that:

1. Every map f: A — B factors f = r o/ into ¢ € L followed by r € R,

2. Given any commutative square with an L-map on the left and an R-map on the right,

A—— B
R
1 =
g
¢ — D
there is a (not necessarily unique) diagonal filler j as indicated, making both triangles
comimute.

3. The classes L, R are closed under retracts in the arrow category C*.

Given such a wfs on a finitely complete category C, we shall interpret the contexts and
substitutions as the objects and arrows of C, the type families as the right maps R, and
the terms as sections of the right maps. The first part of the following is required for
the interpretation of substitution, and the second part is used for context extension and
d-types.

Lemma 4.3.2. In a wfs (L,R) on a finitely complete category C, the right maps are stable
under pullback along all maps. (Dually, the left maps are stable under pushouts along all
maps.) Moreover, both L and R are closed under composition.

Before giving the proof, we develop an important aspect of wfs’s: weak orthogonality.
For any maps f: A — B and g: C' — D, let us write

frhyg

and say that f s weakly orthogonal to g if every commutative square with f on the left
and g on the right has a diagonal filler j as in (4.2)). We also say that “f has the left lifting
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property with respect to g” and “g has the right lifting property with respect to f”. More
generally, for any class of arrows S in C, write

Shf = sthfforallse S
fmsS = fhsforalsesS

and let

S™ = {f|Shf}
"S = {f|fmS}.

Finally, let S th 7" mean that s M ¢ for all s € S and t € T. Then in a wfs (L, R) we clearly
have

L MR,

by axiom 2, but in fact more is true:

Lemma 4.3.3. Given two classes of maps (L, R) in a category C satisfying the factorization
and diagonal filler axioms for a wfs above, L and R are also closed under retracts if and
only if

L" = R and L = "R.

Proof. Suppose (L,R) is a wfs, so both classes are closed under retracts. We need to show
that if f: A — B satisfies L th f, then f € R (the converse is already true by L th R. Factor
f =r ol and consider the diagram

A A
El jj lf (4.3)
C T> B

which commutes and has a diagonal filler j, since ¢ € L. We can rearrange (4.3)) into a
retract diagram as follows.

A—tsco 2,4
fl lr lf (4.4)
B B B

Thus f € R, since R is closed under retracts. The argument for L = R is dual. We leave
the converse as an exercise. [

Exercise 4.3.4. Show that (L, R) is a wfs if the factorization axiom holds and L™ = R and
L="R.
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Proof. (of Lemma [4.3.2) Let f : A — B be in R and consider its pullback along any
B'— B:
A —— A

f’l - lf (4.5)

B —— B

To show f’ € R, it suffices by Lemma to show that f’ has the right lifting property
with respect to L, but this follows easily from f’ being a pullback of f, which does. We
leave the rest of the proof as an exercise. O

Exercise 4.3.5. Finish the proof of Lemma |4.3.2

It now follows that we can interpret the structural rules of dependent type theory, as
well as the context extension operation, using the R maps as the type families, just as we
did using arbitrary maps in an lccc. The rules for X types will also be satisfied, since these
essentially state that X is left adjoint to pullback along type families, and therefore closure
of the right maps under composition means that they are closed under »-types.

Let us see that we can also interpret the rules for Id-types. The formation rule for Id,
is interpreted by factoring the diagonal substitution 6 : A — A x A into a left map followed
by a right map:

Id4
i
A—— AxA
This also interprets the introduction rule, using the left map in the factorization as the

interpretation of the refl term. For the elimination rule, suppose we have a type family
p: C— Ida and a section ¢ : A — C over refl : A — Idy; then we need a diagonal filler J.

But since refl : A — Id, is a left map by the factorization, and C' — Id, is a right map
by the interpretation of type families as right maps, there is such a filler by the second
axiom of wfs’s. Thus we have already shown:

Proposition 4.3.6 ([AWQ9]). In a fintely complete category C with a wfs, the rules of
intensional identity types are soundly modeled by interpreting the type families as the right
maps and the identity type Id s as a factorization of the diagonal § : A — A X A into a left
map refl : A — Idy followed by a right map Idy — A x A.

This kind of interpretation includes many important “naturally occurring” examples
involving Quillen model categories, which are categories equipped with two interlocking

[DRAFT: May 10, 2025



128 Homotopy Type Theory

wis’s (see [AW09]). The II-types can also be interpreted in this way, if the right maps
of the wfs pushforward along right maps, as is the case in examples such as right-proper
Quillen model categories and TI-tribes in the sense of [Joy17]. Indeed, the groupoid model
from the previous section was an instance of such a wfs: as the right maps one can take
the isofibrations, and the left maps are then the equivalences that are injective on objects
[GGOS].

Remark 4.3.7 (Coherence). The coherence issue that we have been postponing is now
even more pressing, however, because the factorizations in a wfs need not be stable under
pullback, and so the following (slightly schematic) substitution rule for the Id type former
will not be soundly modeled, even up to isomorphism.

'-A, I'ta:A, T'FHb:A o:A—=T
A F Ida(a,b)[o] = Idap(alo], blo])

A similar problem occurs with respect to the J-term, which is also required to respect
(certain) substitutions, but need not do so under this interpretation. One solution to this
problem makes use of an algebraic structure on the weak factorization system called an
algebraic weak factorization system. This approach is discussed in [GL23]. We shall develop
a different solution in the next section.

4.4 Natural models

The semantics of DTT in LCCCs employed in the previous sections uses the “slice category”
hyperdoctrine of an LCCC to interpret the dependent types. Thus the contexts I' and
substitutions o : A — I' are interpreted as the objects and arrows of an LCCC C, and
the dependent types I' H A and terms I' - a : A are interpreted as objects A — I' in
the slice category C/I" and their global sections a : I' — A (over I'). As we mentioned
in Remark , however, there is a problem with this kind of semantics (as first pointed
out by [Hof95]): as a hyperdoctrine, this interpretation is a pseudofunctor C/ : C°? — Cat,
but the syntax of DTT produces an actual presheaf of types in context Ty : C°° — Set,
since substitution into dependent types is strictly functorial with respect to composition
of substitutions, in the sense that for a type in context I' = A and substitutions ¢ : A — I
and 7 : ® — A we have a judgemental equality of types in context,

O+ (Alo])[r] = Alo o 7],

rather than the (canonical) isomorphism 2 fitting into the two-pullbacks diagram of the
hyperdoctrine, namely:

(coT)*A
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A similar problem occurs in the Beck-Chavalley conditions, where the hyperdoctrine struc-
ture has only canonical isos, rather than the strict equalities that obtain in the syntax,
such as

(Hz:aB)lo] = (Ty: a0 Blo])

Exactly the same problem occurs, of course, if we use only the right maps in a wfs,
rather than all maps in the slice category of an LCC. And for the Id-type former, we
have an even more acute probelm, as noted in Remark [4.3.7], since the factorization of the
diagonal is not even determined up to isomorphism, and need not be stable under pullback

There are various different solutions to these “coherence problems” in the literature,
some involving strictifications of the LCC slice-category (or wfs-pullback) hyperdoctrine
(including both left- and right-adjoint strictifications [LW15l [Hof94]), as well as other
semantics altogether, such as categories-with-families [Dyb96], categories-with-attributes
[?], and comprehension categories [?]. A solution based on the notion of a universe U — U
was first proposed by Voevodsky [?]; in [Awo16], the universe approach is combined with
the notion of a representable natural transformation to determine the semantic notion of
a natural model, as follows.

Definition 4.4.1. For a small category C, a natural transformation f : Y — X of
presheaves on C is called representable if for every C' € C and x € X (C), there is given a
p: D — C and ay € Y(D) such that the following square is a pullback.

yD —Y 5 v

w| - lf (4.6)

We will show that a representable natural transformation is essentially the same thing
as a category with families in the sense of Dybjer [Dyb96]. Indeed, let us write the objects
of CasI',A,...and the arrowsaso : A — I', ... thinking of C as a “category of contexts”.
Lett: T— Thea representable map of presheaves, and interpret the elements as

T() = {A| T+ A}
T(F) = {a|'Fa:A, for some A},

so that under Yoneda we have:

AeT() iff THA
aecTT) iff Tha:A, wheretoa=A

as indicated in:
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Thus we are regarding T as the presheaf of types, with T(I') the set of all types in
context T, and T as the presheaf of terms, with T(F) the set of all terms in context I,
while the component tp : T(I') — T(I') is the typing of the terms in context I'.

The naturality of t : T — T just means that for any substitution ¢ : A — T', we have
an action on types and terms:

'FA — AF Ao
I'Fa:A — Alao:Ac.

While, by functoriality, given any further 7: ® — A, we have
(Ao)r = A(o o) (ao)T = a(ooT),

as well as

Al =A al =a

for the identity substitution 1 : " — T.

Finally, the representability of the natural transformation t : T — T is exactly the
operation of context extension: given any I' = A, by Yoneda we have the corresponding
map A : yI' — T, and we let py : "A — I" be (the map representing) the pullback of t
along A, as in . We therefore have a pullback square:

yIoA 2, T

- l 4 lt (4.7)

yI’ — T
where the map g4 : I'A — T now determines a term
A+ qa ApA.

In type theory, the term g4 : I''A — T corresponds to the rule of “assumption”:

' A type
Me:AFx: A

We may hereafter omit the y for the Yoneda embedding, letting the Greek letters serve to
distinguish representable presheaves and their maps.

Exercise 4.4.2. Show that the fact that (4.4.3)) is a pullback means that given any o :
A —T and At a: Ao, there is a map

(0,a): A = T.A,
and this operation satisfies the equations
pao(o,a)=0o

QA(Ua CI,) = a,
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as indicated in the following diagram.

Show moreover that the uniqueness of (¢, a) means that for any 7: A" — A we also have:
(0,a) o = (0 oT,ar)
(pa,qa) = 1.

Comparing the foregoing with the definition of a category with families in [Dyb96], we
have shown:

Proposition 4.4.3. Lett: T—>Tohea representable natural transformation of presheaves
on a small category C with a terminal object. Then t determines a category with families,
with C as the contexts and substitutions, T(I') as the types in context T', and T(T') as the
terms in context I'.

Remark 4.4.4. A category with families is usually defined in terms of a presheaf
Ty : C°® — Set
of types on the category C of contexts, together with a presheaf
Tm': (f,Ty)®™ — Set

of typed-terms on the category fCTy of types-in-context. We are using the equivalence of
categories, valid for any category of presheaves Set™

Set™/p ~ SetUe”

between the slice category over a presheaf P and the presheaves on its category of elements
JoP. to turn the presheaf Tm’ : ([, Ty)*® — Set into one Tm : C®® — Set together with a
map Tm — Ty in C°? — Set.

We think of a representable map of presheaves on an arbitrary category C as a “type
theory over C”, with C as the category of contexts and substitutions. We will show in
Section that such a map of presheaves is essentially determined by a class of maps
in C that is closed under all pullbacks, corresponding to the “incoherent” interpretation of
types in context as maps A — I
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Definition 4.4.5. A natural model of type theory on a small category C is a representable
map of presheavest: T — T.

Exercise 4.4.6 (The natural model of syntax). Let T be a dependent type theory and Cr
its category of contexts and substitutions. Define the presheaves Ty : C1°? — Set of types-
in-context and Tm : Cr°® — Set of terms-in-context, along with a natural transformation

tp: Tm — Ty

that takes a term to its type. Show that tp : Tm — Ty is a natural model of type theory.

4.4.1 Modeling 1,3 11

Given a natural model t : T— T, we will make extensive use of the associated polynomial
endofunctor Py : C — C (cf. |[GK13]), defined by

Pt:T!ot*oT*:(@H@,

Set™ Py Set™”
T L TT!
Set™ T t—> Set(cop/‘r

*

The action of P; on an object X may be depicted:

X=—XxT P (X)
| |
T : T

We call t : T — T the signature of Py and briefly recall the following universal mapping
property from [Awo16].

Lemma 4.4.7. For anyp: E — B in a locally cartesian closed category &, the polynomial
functor P, : £ = &£ has the following uniwersal property: for any objects X,Z € &, maps
f:Z — P,(X) correspond bijectively to pairs of maps f1: Z — B and fo: Z xp E — Z,
as indicated below.

4 f
1

The correspondence is natural in both X and Z, in the expected sense.
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This universal property is also suggested by the conventional type theoretic notation,
namely:
P, (X) = Syp X"

The lemma can be used to determine the signature p - ¢ for the composite P, o P, of two
polynomial functors, which is again polynomial, and for which we therefore have

Ppg = PpoPy,. (4.9)

Indeed, let p: B — A and ¢ : D — C, and consider the following diagram resulting from
applying the correspondence (4.10)) to the identity arrow,

(a,c) =1p,(c) : Pp(C) = Py(C),
and taking @) to be the indicated pullback.

D<—Q_

|l

C+—-—nmB——B8B (4.10)
)y
Pp(C) —— A

The map p - ¢q is then defined to be the indicated composite,
p-q = a’pociy.
The condition (4.9)) can then be checked using the correspondence (4.10)) (also see [GK13]).

Definition 4.4.8. A natural model t : T — T over C will be said to model the type
formers 1,3 IT if there are pullback squares in C of the following form,

1 —— T Ty —— T P(T) — T
lJ lt “l B lt ) l ¥ lt (4.11)
1 —— T Ty —— T P(T) —— T

where t -t : TQ — T4 is determined by P; & P, o P; as in (4.9)).
The terminology is justified by the following result from [Awo16].

Theorem 4.4.9 ([Awol6] Theorem XXX). Let t : T — T be a natural model. The
associated category with families satisfies the usual rules for the type-formers 1,3, 11 just
ift: T — T models the same in the sense of Definition

We only sketch the case of II-types, but the other type formers will be treated in detail
in Section ?77.
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Proposition 4.4.10. The natural model t : T — T models [I-types just if there are maps
A and I1 making the following a pullback diagram.

Ty 2> T
Pt(t)l (4.12)

)—>T

Proof. Unpacking the definitions, we have Pi(T) = Y, 1T4, etc., so diagram (4.14) be-
comes:
EA:TTA A ? T

ZA:TtAl lt

EA;TTA T> T

ForT' € C, maps ' — ¥ 4.7 T* correspond to pairs (A, B) with A : -TandB:TA—T,
and thus to I' - A and I', A - B. Similarly, a map I' — X ,7T4 corresponds to a pair
(A,b) withT' A and I, AF b : B, the typing of b resulting from composing with the map

Sarth : SaqTA = Bpr TA

The composition across the top is then the term I' = A\,.4b , the type of which is determined
by composing with t and comparing with the composition across the bottom, namely
[' F 1I,.4B. In this way, the lower horizontal arrow in the diagram models the II-formation
rule:

INAFB
I'-1,.4B
and the upper horizontal arrow, along with the commutativity of the diagram, models the

II-introduction rule:
IAEbL: B

'+ )\x:Ab . Hx:AB
The square is a pullback just if, for every (4, B) : T — Y4174 and every ¢ : T’ — T
with tot = I14 B, there is a unique (A,b) : ' — Ya1TA with b: B and A\4b = t. In terms
of the interpretation, given '’/ A+ B and I' - ¢ : II,.4B, there is a teem ' A t' : B
with Ag.at" = ¢, and ¢’ is unique with this property. This is just what is provided by the
[T-elimination rule:

I'A+B 'Et: 1,48 'z:A
INArFtx: B
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in conjunction with the II-computation rules:

)\z:A(t$) =t: HAB
(Agab)x=0:B

4.4.2 Identity types

A natural model t : T — T in a presheaf category C was defined in [Awol6] to model both
the extensional and intensional identity types of Martin-Lof type theory in terms of the
existence of certain additional structures, which we briefly review. Condition below
captures the extensional equality types of Martin-Lof type theory. The condition given
in op.cit. for the intensional case is replaced below by a simplification suggested by R.
Garner.

Definition 4.4.11. Let t : T — T be a map in an lcce E.

1. The map t : T — T is said to model the (extensional) equality type former if there
are structure maps (refl, Eq) making a pullback square:

—i— refl T

_
4 t
TxtT - T

2. The map t : T — T is said to model the (intensional) identity type former if there
are structure maps (i, ld) making a commutative square,

4 t (4.13)

together with a weak pullback structure J for the resulting comparison square, in the

sense of (4.15)) below.

To describe the map J, let us see how ([2)) models identity types. Under the interpretation
already described in Section ?? the maps Id and i in

_i_ .
)

TxsT

A= -

|
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respectively, directly model the formation and introduction rules.
x,y: A Ida(x,y)
r:Abi(x): Ida(z, x)
Next, pull t back along Id to get an object | and a map p : T,

/_\

SN > T
I U

TXTT_}Id T

.i_

which commutes with the compositions to T as indicated below.

TP

BN

T

The map p: T — |, which can be interpreted as the substitution (x) — (z, z, iz), gives rise
to a “restriction” natural transformation of polynomial endofunctors ([GK13]),

p P, — P,

evaluation of which at t : T — T results in the following commutative naturality square.

. p"T .
pT - PT

Pqtl lptt (4.14)

P

A weak pullback structure J is a section of the resulting comparison map.

PyT —— BT xpr BT (4.15)

To show that this models the standard elimination rule
x: Abc(x): Cpx)
z,y: Az Ida(z,y) F oz, y, 2) - Cz,y, 2)

take any object I' € C and maps (4,4, Ids + C) : T — P, T and (AF ¢) : T — BT with
equal composites to P, T, meaning that A F ¢: C(pz). Composing the resulting map

(At c(z) : C(px)): I' — B, T xp1t BT
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with J: P, T xp1 PtT — Pq'i' then indeed provides a term
x: Ay Az Ida(x,y) F ez, y, 2) - Oz, y, 2) .

The computation rule

z: AF J(px) =c(z) : C(px)
then says exactly that J is indeed a section of the comparison map (4.15]).

Proposition 4.4.12 (R. Garner). The map t : T — T models intensional identity types
Just if there are maps (i,1d) making the diagram (4.13) commute, together with a weak
pullback structure J for the resulting comparison square (4.14]).

4.4.3 Strictification

Let t: T — T be a natural model over a (small) finitely complete category C, and consider
the set
D, C Cy

of all d : D" — D in C that occur as pullbacks of t, as in

yD’—>T

a0

yD —— T

Clearly D is closed under pullbacks in C and isos in the arrow category C*, and so (C, D)
is a category with display maps in the sense of [Tay99](§8.3). Such a pair (C, D) consisting
of a finitely complete category C with a “stable” class of maps D can be used to basic
model dependent type theory as a common generalization of semantics in an LCCC and
in a category with an wfs. Additional conditions on (C, D) are of course needed to model
the different type formers, leading to such notions as clans and tribes [Joy17].

Given a category with display maps (C, D) we can form the natural transformation tp
over C simply by taking the coproduct of all the display maps d : D' — D in D:

TD HdeD D’
tDl lHdED d (4'16)
Tp HdeD D

The proof of following is an easy exercise.
Lemma 4.4.13. The natural transformation tp : TD — Tp is representable.

Exercise 4.4.14. Give the proof!
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We now have constructions going back and forth:
t
NaturalModels _><L Cats w/DisplayMaps
Dt

By defining suitable morphisms on both sides, these operations can be made functorial,
and the constructions become adjoint, tp 4 D;. We can leave the details to the reader.

Finally, by considering the appropriate additional structures on a category with display
maps in order to model the type formers (for example local cartesian closure or a right
proper weak factorization system), one can refine the adjunction to give a proof of the
following “strictification theorem” (cf. [LW15]):

Theorem 4.4.15 ([Awol6]). If (C,D) is a Il-tribe in the sense of Joyal [JoylT] then
tp: Tp — Tp is a natural model with the type constructors 1,3, 11, Id.

4.5 Universes

We recall the notion of a Hofmann-Streicher universe [HS], as reformulated in [Awo24].

4.5.1 A realization - nerve adjunction

For any presheaf X on a small category C, recall that the category of elements is the
comma category,

f((jX = y(C/X7

where y¢ : C — Set®™ is the Yoneda embedding, which we may supress and write simply
as C/x. The following can be found already in [Gro83](§28).

Proposition 4.5.1. The category of elements functor f(c . C — Cat has a right adjoint,
which we denote
ve : Cat — C.

For a small category A, we call the presheaf vc(A) the C-nerve of A.

Proof. As suggested by the name, the adjunction f(c - yc can be seen as the familiar
“realization - nerve” construction with respect to the covariant post-composition functor
C/_ : C — Cat, as indicated below.

CT
y] (4.17)
C
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In detail, for A € Cat and ¢ € C, let vc(A)(c) be the Hom-set of functors,
ve(A)(c) = Cat(C/., A),

with contravariant action on h : d — ¢ given by pre-composing a functor P : C/, — A
with the post-composition functor

(C/hi(C/d—>C/c.

For the adjunction, observe that the slice category C/, is the category of elements of the
representable functor yc,

f(cyc ~ C/,.

Thus for representables yc, we indeed have the required natural isomorphism
@(yc, ve(A)) = ve(A)(c) = Cat(C/e, A) = Cat( [.yc, A).

For arbitrary presheaves X, one uses the presentation of X as a colimit of representables
over the index category f(c X, and the easy to prove fact that f((: itself preserves colimits.
Indeed, for any category D, we have an isomorphism in Cat,

liy D/y = D

deh

O

When C is fixed, as here, we may omit the subscript from the expressions yc and fc
and vc. The unit and counit maps of the adjunction [ - v,

n:X —vfX,
e: [vA — A,

are as follows. At ¢ € C, for z : yc — X, the functor (nx).(z) : C/. — C/x is just
composition with x,

(nx)e(r) =C/,: C/e — C/x. (4.18)

For A € Cat, the functor € : [vA — A takes a pair (c € C, f : C/. — A) to the object
f(le) € A,
e(c, f) = f(Le).

Lemma 4.5.2. For any f:Y — X, the naturality square below is a pullback.

Y " v [Y
fl luff (4.19)
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Proof. 1t suffices to prove this for the case f : X — 1. Thus consider the square

X B vfX

l | (4.20)

Evaluating at ¢ € C and applying (4.18]) gives the following square in Set.

Xe =5 Cat(C/., C/x)

l | (4.21)

1c T) Cat((C/c, C/l)

The image of * € 1c along the bottom is the forgetful functor U, : C/. — C, and its fiber
under the map on the right is therefore the set of functors F' : C/. — C/x such that
Ux o F = U, where Uy : C/x — C is also a forgetful functor. But any such F' is easily
seen to be uniquely of the form C/, for x = F(1.) : yc — X. O
Remark 4.5.3. For the category of elements of the terminal presheaf 1 we have [1 2= C. So

for every presheaf X there is a canonical projection [X — C, and the functor [ : C — Cat
thus factors through the slice category Cat/c.

@ L Cat/(c

¢ (4.22)

Cat

The adjunction [ 4 v : Cat — C factors as well, but it is the unfactored adjunction that
is more useful for the present purpose.

4.5.2 Classifying families

For every presheaf X the canonical projection [X — C of Remark is easily seen to be
a discrete fibration. It follows that for any natural transformation ¥ — X the associated
functor [Y — [X is also a discrete fibration. Ignoring size issues (dealt with in [Awo24]),

recall that discrete fibrations in Cat are classified by the forgetful functor Set™ — SetP
from (the opposites of) the category of pointed sets to that of sets (cf. [WebQ7]). For every
presheaf X € C, we therefore have a pullback diagram as follows in Cat.

[X —— Set™

l J l (4.23)

C T> SetOP
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Using [1 = C and transposing by the adjunction [ - v then gives a commutative square
in @,

X — vSet™

l | (4.24)

1 T) VSGtoP.

Lemma 4.5.4. The square (4.24)) is a pullback in C. More generally, for any map Y — X
in C, there is a pullback square

Y — vSet™

l J | (4.25)

X —— vSet®.

Proof. Apply the right adjoint v to the pullback square (4.23) and paste the naturality

square (4.19) from Lemma on the left, to obtain the transposed square (4.25) as a
pasting of two pullbacks. ]

Let us write V — V for the vertical map on the right in ([.25)); that is, let:

V = vSet” (4.26)
V = pSet®

We can then summarize our results so far as follows.
Proposition 4.5.5. The C-nerve V. — V of the classifier Set”™” — Set® for discrete

fibrations in Cat, as defined in (4.26)), (weakly) classifies natural transformations Y — X
in presheaves C, in the sense that there is always a pullback square as follows.

Y%
| (4.27)
V

¥

Y

The classifying map Y : X — V is determined by the adjunction [ v as the transpose of
the classifying map of the discrete fibration [Y — [X.

Of course, as defined in (4.26)), the classifier V = V cannot be a map in @, for reasons
of size; this is addressed in [Awo24].
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4.5.3 Type universes

A universe such asV — Vin a category of presheaves (or indeed a natural model t : T— T)
can be used to model the following rules for type universes in Martin-Lof type theory.

'Fa:U
'+ U type ['F El(a) type

Of course, we interpret the “decoding family” z : U - El(x) as the display map V = V. In

practice, one often simply writes
'-A:U

I' = A type

leaving the “decoding” El implicit. The above are the formation and elimination rules for
a universe; one might also expect to see an introduction rule such as

I'= A type
'k code(4) : U

along with computation rules like
El(code(A)) = A, code(El(a)) =a.

Unfortunately, this would imply U : U, which is inconsistent. Instead of the introduction
and computation rules, there are other ways of populating a universe; see [AG](§2.6.2) for
a good discussion.

A type universe U is convenient, because it can be used to replace a dependent family of
types',z: X = Atypebyaterm ' - A: X — U. It can also used in further constructions,
such as the polynomials Py(T) from section[d.4.1] See [AG](§2.6.2) for some other important
consequences of adding type universes to the type theory, such as proving true # false :
Bool.

Given a universe U, we may regard the types A : U as small. A universe of types
interpreted as V — V then acts as a “small type classifier,” because a display map A — X
interpreting the small type family X F A type, is classified by a map A:X =V,
interpreting the term H A : X — V, as in .

(4.28)

<—<

<

|

Unlike with subobject classifiers, however, the classifying map A : X — V of a given family
A — X cannot be expected to be unique, essentially because pullbacks are determined only
up to isomorphism. That such maps can be chosen uniquely “up to homotopy,” in a certain
precise sense, is the content of the celebrated univalence axiom, to which we now turn.
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4.6 Univalence

Let U — U be a universe in presheaves, e.g., a natural model as in Section , or a
Hofmann-Streicher universe as in Section and suppose that U— U supports the
structures for 1,3, II, Id in the sense of Sections [4.4.1H4.4.2| It follows that the maps
A — X that are classified by U — U, in the sense of , are closed under those same
type formers, in the sense of the “incoherent” interpretation in LCCCs, wis’s, or categories
with display maps, regarding objects X as contexts and classified maps A — X (together
with a chosen classifier 4 : X — U) as families of types in context X.

An equivalence between types A ~ B (possibly over X) is like an isomorphism of sets,
but formulated in a way that is more suitable for types with “higher structure” arising
from non-degenerate Id-types. Formally:

Definition 4.6.1. A map e : A — B is a (type) equivalence if it has both right and left
inverses, in the sense that there are maps f,g: B = A such that

eof=pslp and goe=y4a ly.
Formally, given e : A — B we define
isEquiv(e) = Xj,p.4Idge(eo f,1p) x Idga(goe, 1y).
and then for A, B : U, we define the notation A ~ B by
A~ B = Equiv(A, B) := X..a.pisEquiv(e).

We construct the interpretation of the type family A,B : U F A ~ B as a map
Equiv — U x U as follows.

First, pull U — U back along the two different projections U x U = U to obtain two
different objects U1, U2 over U x U, and then take their exponential [Ul, U2] in the slice
category over U x U, which interprets the type family A, B: U+ A — B.

U — U1 [Ul,UQ] U2—> U
l L \ l / | l
U < Uxu > U

Indeed, after pulling Uy, Uy back to [Ul, U o] there is a (universal) arrow ¢ : Ut — U, over
Uy, U ] as indicated below.

BN /1f

U —— U1 0y, U Uy —— U (4.29)
| ~ / |
U < UxU . U
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As Equiv — U x U we then take the composite of the canonical projection isEquiv(e) —
[Uy, Uy] with the map [Uy, Us] — U x U.

Ye.a— pisEquiv(e) —— [Ul,Ug]

| |

Equv —— U x U

Given A, B : X — U classifying types A — X and B — X, factorizations of the map
(fl B) X — U x U through Equiv — U x U can then be seen using - ) to correspond
to equivalences A ~ B over X, as indicated in the following, in which the indicated map
E; ~ E; is the pullback of ¢ : U’ — U, along Equiv — [Uy, Uy).

EIGEQ

o

B , Equiv
X » Ux U

The correspondence is natural in X, because it is mediated by pulling back a universal
instance.

If U is itself a type in a “larger” model U; — U, with Id-types, then there is also the
type family A, B : U F Idy(A, B), which is interpreted as a map Idy — U x U. Since for
every A : U the map 14 : A — A is an equivalence, by Idy-elim we obtain a distinguished
map Idy(A, B) — Equiv(A, B) over U x U. The univalence axiom is the statement that
this map is itself an equivalence:

Idy — Equiv

l l (4.30)

UxU=—=UxU

Pulling the equivalence back along any (A4, B) : X — U x U results in the more familiar
formulation:

(A=y B) ~ (A~ B). (UA)

The interpretation of univalence thus requires at least a universe U with 1,% I, Id (in
order to define A ~ B), inside a larger universe U : Uy also with 1,3, II,Id (in order to
have the family A =y B and to state the central equivalence in UA). The operations on
the larger universe are usually required to restrict to the corresponding ones on the smaller
universe. See [AG] for a detailed presentation.
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Example 4.6.2 (Univalence in the groupoid model [HS98]). We have a univalent universe
U — U in the groupoid model of section u Namely, the groupoid set of small, discrete
groupoids, where we identify sets with their discrete groupoids, and by small we mean sets
of size < k for a sufficiently large cardinal bound . Thus we interpret:

U = set™
U — core
where set®" is the groupoid core of the category of small sets (i.e. the category of small

sets and bijections between them), and set™" is the groupoid of small pointed sets.
The interpretation of the Id-type of the universe U in Gpd, like that of any type, is the
path groupoid
Idy=U - UxU,
which in this case is the small discrete groupoid of isos of small sets, and therefore corre-
sponds to the functor Idy : U x U — Gpd, with discrete groupoids as its values, namely
for small sets A, B, the small discrete groupoid of isos i : A = B,

Tdy(A,B) = {i: A= B}. (4.31)

Now consider the interpretation of the type Equiv — U x U. Unpacking the definition
4.6.1]in this case, for small sets A, B, we have the groupoid:

Equiv(A, B) = X..4.pisEquiv(e)
= YeAsB §3f4¢l34%14 Idgs (6 © f: 113) X I(i/PA(Sy oe, 1/4)
The comparison map j : Idy — Equiv (sometimes called “IdtoEq”) over U x U results as

the J-term in the following Id-elim

U —— Equiv

.
refl R

Idp —— Ux U

where e : U — Equiv is the map that takes a small set A to its identity map 14 : A — A,
along with 1, itself as left- and right-inverses. Note that the map refl : U — Idy = U'is
indeed an injective-on-objects equivalence and Equiv — U x U is a fibration of groupoids.

Exercise 4.6.3. Prove that U — U' is an injective-on-objects equivalence, and the projec-
tion Equiv — U x U is a (split) fibration of groupoids, as just claimed.

Finally, to verify the univalence axiom, we must prove that j : Idy — Equiv is an equiv-
alence of groupoids. It suffices to show this fiberwise j(4 ) : Idy (A, B) — Equiv(A, B), and
since A, B are both discrete groupoids, we have Equiv(A, B) ~ Iso(A, B). But Iso(A, B) is
exactly the interpretation of Idy(A, B), by ([£.31)), and j(i : A= B) is just (¢,i*,i71), so
we do indeed have

(A=y B) = 1Idy(A, B) ~ Equiv(A,B) = (A~ B).
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